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1. INTRODUCTION

The classification problem of spaces is one of importance in geometry, but general
topological spaces can behave in very weird ways. It is common to try to focus on a
subclass of topological spaces and hope to reduce a geometric problem to an algebraic
one by using tools from algebraic topology, such as homotopy groups or homology.
A particular type of such a tool is de Rham cohomology, H*, which associates to
a space M, which has a differentiable structure, a graded algebra, H*(M), whose
elements are, vaguely speaking, elements of the form f - dz™ A --- A dz'*, where
f M — R is a differentiable function. This is one step towards reducing a geometric
problem to an algebraic one, however a differentiable space M can have too many
differentiable functions to analyze, so it would be ideal to associate to M a single
element ¢(M) which belongs to H*(M), such that this element naturally encodes
geometric properties of M. This is the idea of characteristic classes. One can argue
that the concept was born at the time of Euler, when his formula V — E+ F = 2 for a
convex regular polyhedron with V' vertices, E edges and F faces was discovered, but
a proper development wasn’t done until 1935 by Whitney and Stiefel. They found an
invariant that represents an obstruction to the existence of vector fields on a space
M that locally look like the product of U C M with a sphere.

The aim of this paper is to introduce the reader to the general theory of spaces
with differentiable structures and vector bundles over them, which are spaces that
locally look like U x R*. Sections 1 and 2 give the reader some basic definitions and
results from the theory of smooth manifolds and vector bundles. These are mainly
based on the books [1], [2] and [3]. The reader who has a basic understanding of
these topics is encouraged to skip the first two sections and refer back to these for
reference when needed. Section 4 and 5 are based on [4], where we discuss the de
Rham cohomology of a space M, and show that the de Rham cohomology ring of M
is the same as the de Rham cohomology of the vector bundle E over it. This relation
is a fundamental step towards the classification problem, since it gives rise to many
important invariants on M. These invariants, discussed in section 6 and based on
the books [4], [5] and [3], are called characteristic classes and live in the cohomology
ring of M. We conclude this exposition in section 7 with further information on the
classification problem and where to go from there. We aim to give enough background
for the reader to tackle more advanced problems in the classification of differentiable
spaces. Although many of these advanced problems tend to be tackled in more
abstract settings, such as K-theory, algebraic topology and algebraic geometry, we
chose to only tackle the case of de Rham cohomology as it is the most digestible and
we believe it is the best at providing intuition behind the more abstract approaches.

We assume that the reader has a strong background in differential calculus and
linear algebra, and basic knowledge of topology. The symbol C is used for (not
necessarily proper) subset inclusion and N denotes the set of positive integers.
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2. SMOOTH MANIFOLDS AND SMOOTH MAPS

In this section we introduce the reader to the differentiable spaces we will be
discussing throughout the paper. We already know how to do differential calculus
on Euclidean space, so to talk about differentiability on general spaces we want to
consider spaces that locally “look like” R™. In this way, we can transfer the notion
of differentiability to our space of interest. One can think of these “locally Euclidean
spaces” as spaces where, if you “zoom in” close enough into the space, it looks like
an n-tuple of real numbers.

2.1. Manifolds

To begin, let M be a topological space and U,V C M be open. Two homeomor-
phisms ¢ : U — ¢(U) CR", ¢ : V — (V) C R", where ¢(U) and ¢(V') are open in
R™, are said to be smoothly related if

pov ™t p(UNV) = o(UNV),
Pod i pUNV) —»p(UNV),

are C*. A (smooth) atlas on M is a collection A = {(U,, ¢o)} where {U,} is an
open cover of M and the homeomorphisms ¢, : U, — ¢(U,) C R™ are all mutually
smoothly related. A pair (U,¢) € A is called a chart, U is called a coordinate
neighbourhood, and ¢ is called a coordinate map or a chart map. For two charts
(U, ¢), (V,9) € A, we call the composition oy : (UNV) — ¢(UNV) a transition
map. It’s easy to check that every smooth atlas on M defines a maximal smooth
atlas on M (just add to the atlas all the charts (U, ¢) such that the homeomorphisms
¢:U — ¢(U) C R™ are smoothly related to all elements in the atlas). This allows us
to give the definition of a smooth manifold:

Definition 2.1. A smooth manifold M is a secound countable Hausdorff space M
with a mazimal smooth atlas A. If every coordinate neighbourhood is homeomorphic
to an open subset of R™, where n is fized, we call n the dimension of M, denoted
dim M. If M is a manifold with dim M = n, we say that M is a smooth n-manifold.
We write M™ if we wish to make the dimension clear.

Since a smooth atlas defines a maximal smooth atlas, when constructing a man-
ifold one only needs to specify the former.

If we instead consider transition functions that are of class C*, piece-wise linear,
holomorphic, etc, one obtains C* manifolds, piece-wise linear manifolds, complex
manifolds, etc (C° manifolds are simply called topological manifolds). We will focus
our attention on smooth manifolds and will simply refer to these as “manifolds”. We

sometimes write coordinate maps ¢ : U — ¢(U) by (z,...,z"), where 2' = ' 0 ¢ :
U — R and 7 : R® — R is the projection onto the ith factor. Similarly, we may also
write (U, 21, ..., 2™) for the chart (U, ¢) with ¢ having coordinate functions z!, ..., ™.

Example 2.2. One can see that R"™ with the mazximal atlas which contains {(R",id)},
where id : R™ — R"™ is the identity map, is a smooth manifold. Whenever we speak
of R™ as a smooth manifold, it will always be with this structure (called the “usual
structure”).
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A standard (non-trivial) example of a manifold that may come to mind when
reading the definition is the sphere. In our local field of vision here on Earth, assuming
we can only walk on the surface of the Earth, the ground resembles a plane (in the
sense that we can only walk forwards, backwards, left, right and combinations of
these). Of course, it is well-known that the surface of the Earth resembles more to
a sphere rather than a plane when seen from space (despite what a non-negligible
amount of people may say on the internet). We now generalize this example and
explore a few others that will be of interest to us.

Example 2.3 (n-Sphere). Let S" = {z € R"™ : (21?2 + .-  + (a""1)? = 1} be
the n-sphere. We let N = (0,...,0,1), S = (0,...,0,—1) be the north and south
poles, respectively. We claim that his is an n-dimensional smooth manifold. As a
subspace of R™, this 1s Hausdorff and second countable. It suffices to define an atlas
on S™. Consider the open sets Uy = S™ \ {N}, Us = S™\ {S}. We define the maps
on Uy = R™ and ¢g : Us — R™ by

1 1

— 1 n _ 1 n
¢N(l’)—1_—xn+1($,---a$)’ ¢S($)_W<$a“'ax)a
where v = (z*,...,2"). One can easily verify that the inverses of the maps are
_ 1 2 -1 1 1 2
oy (1) = ——— 28, ... 22" |z|" — 1), o¢gl(x) = ——(22',...22", 1 — |2]°).
N 1+ |CC|2 S 1+ |I|2

From this, we see that ¢n and ¢s are homeomorphisms. Moreover, the transition
map ¢y o ¢§1 :ps(Uy NUg) = on(Uy NUg) is such that
x

(¢n 0 d5')(z) = o

(note that, since ¢5'(0) = N & Uy, the denominator is never zero). Hence, ¢ o ¢g'
is C™ and s0 ¢g o0 ¢y = (pn 0 dg') L is also C.

This shows that S™ is a smooth manifold with the mazximal atlas containing
{(Un,on),(Us, ¢s)}. This mazimal atlas is the usual structure on S™.

FIGURE 2.1. Stereographic projection of S? onto R?
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Example 2.4 (Mobius Strip). Consider the space M = [0,1]x (—1,1)/ ~, where ~ is
generated by (0,y) ~ (1, —y) for ally € (—1,1). We denote by [(z,y)] the equivalence
class with representative (z,y) and p : [0,1] x (—=1,1) — M the canonical projection.
If an open set, U, in M contains the point [(0,y)] € M, then p~'(U) contains (0,y)
and (1, —y). Hence, the open sets in M are exactly the sets p(U) where U is open
and contains (1,—y) whenever (0,y) € p(U). With this remark, the Hausdorff and
second countable properties easily follow. We now define an atlas on this space.

Let Vi = (0,1) x (—1,1), and Vo, =[0,1/2) x (=1,1) U (1/2,1] x (—=1,1). Then p
is injective on Vi, and Uy = p(V1) and Uy = p(Va) are open sets which cover M. Let
q: Vo — (0,1)x(=1,1) be given by q(z,y) = (—x+1/2,y) if (x,y) € [0,1/2) x (-1,1)
and q(z,y) = (—x +3/2,—y) if (z,y) € (1/2,1] x (=1,1). Then q(0,y) = ¢(1, —y)
and (x1,y1) ~ (z2,y2) if and only if q(x1,y1) = q(x2,y2), so this defines a (unique)
continuous map ¢ : M — (0,1) x (=1,1) such that Gop = q. The map q is a
homeomorphism. We define ¢y : Uy — (0,1) x (—=1,1) and ¢5 : Uy — (0,1) x (—1,1)
by 61 = (plyy)~" and gy = 4. Note that &5 ([(z,y)]) = (,) and so on ¢ (U NUy) =
(0,1/2) x (—1,1) U (1,2,1) x (=1, 1),

(—x+1/2,y), (x,y) € (0,1/2) x (—1,1)
(—x4+3/2,—y), (x,y) € (1/2,1) x (—1,1)

which is smooth. Hence, {(U1, ¢1), (Ua, )} is an atlas of M. The resulting manifold
15 called the Mobius strip.

¢2 © (bfl(x?y) = (ﬁg([%,@/]) = {

Example 2.5 (Product Manifold). Let M and My* be smooth manifolds with
mazimal atlases {(Un, ¢a)}aca and {(Vs, ) }sep respectively. Then My x My is
a smooth manifold of dimension ny + no with the smooth structure induced by the

atlas {(Ua X Vs, ¢a X ¥3) }(a,8)caxn, where
¢o¢ X ¢ﬁ($ay) = (¢a($)7¢ﬂ(y))

Note that the atlas {(Us % V3, o X08) }(a,8)cax B 1S N0t necessarily maximal (similar to
the fact that not every open subset of R? is a product of open subsets of R). Using this
construction inductively, the finite product of smooth manifold is a smooth manifold as
well, whose dimension is the sum of the individual dimensions. A particular example
of this is the n-fold product of circles, called the n-torus: T" = S* x -+ x S1.

U
Us

FiGUurE 2.2. Coordinate neighbourhoods of the Mobius strip.
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Example 2.6 (Open Submanifolds). If U is an open subset of a smooth manifold
M with a mazimal atlas {(Uy, o) taca, then U with the atlas {(Uy NU, ¢olv,nv) -
UNU, # 0}aca is a smooth manifold.

Example 2.7 (Finite Dimensional Vector Spaces). Let V' be an n-dimensional vector
space with a norm (and hence a topology). Fiz a basis Ey, ..., E, for V. This defines
an isomorphism E : 'V — R", E(E;) = e;, where ey,...,e, is the standard basis
for R™. This isomorphism is a homeomorphism between the two topological spaces,
so V' is Hausdorff and second countable. Moreover, {(V,E)} is an atlas on V and
so it defines a maximal atlas, making V a smooth manifold. Note that this atlas
is independent of the choice of basis: if E\. ..., E, is another basis, then there is a
matriz A = (A?) with E; = > AE;. Let E :V — R" be the isomorphism induced
by the new basis. We see that

EoE7'(a!,... ,a") = E(ifﬁz)
i=1
— zn:xZE<2n:AzE]>
i—1 j=1
= z”: a:iA{ej

,j=1

= Az, ... 2").

So EoE~! i R™ — R" is a smooth map and hence E and E are smoothly compatible,
that is, they both define the same maximal atlas. This shows that every basis of V
gives the same smooth manifold structure on V.

The last two examples provides us with a large amount of examples of smooth
manifolds. The following one is of particular interest.

Example 2.8 (Space of Matrices). The space M(n x m,R) of n x m matrices with
entries in R 1s a vector space of dimension nm, and hence a smooth manifold of the
same dimension. If we restrict our attention to nxn matrices, then using continuity of
the determinant, we find that the open subset GL(n,R) = det " (R\ {0}) of invertible
n X n matrices is a smooth manifold.

Example 2.9 (Projective Space). Let RP™ be the set of all 1-dimensional subspaces
of R™1 that is, RP™ = (R"*\ {0})/ ~, where x ~ y if and only if v = Ay for
some X\ # 0. We claim that this is a smooth manifold of dimension n. We can see
this space as S™ with the antipodes identified, that is, RP™ = S™/ ~ where x ~ y if
and only if x = —y. Let p: S™ — RP"™ be the canonical projection. The open sets
in RP™ are then sets of the form p(U) where U is open and contains —x whenever
it contains x. The Hausdorff and second countable properties follow. We put on this
space a smooth structure as follows.

Let Vi,..., Vi be the sets Vi = {(z',... a") € S™: a' # 0}. Note that p(V;)
is an open set in RP™. Define ¢; : Uy — B1(0), where B1(0) is the open ball of 1
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centered at 0 in R™, by

oi([zh, ..., 2" 1))

fori=1,...,n+1 (the hat symbol denotes the omission of x*). It is easy to see that
this map is a homeomorphism with inverse

! y
N %(xl’ @) = g([at L ),

) =2 2 A L= |z AL 2.
¢’L ( Y ) ) ) ) ) Y )
where x = (z',...,2"). Indeed,
(ps 07 )z, ... 2") = gu([zt, ... 2" /1 — ]w|2,xi, )
2
1 — |z| 1 i—1 i n
- 2<:'U Y 7:'U 7x7 7x )
1— [z
= <x17 7xn>7
_ s i
(o o gi)([x', ..., 2" ")) = ¢; 1<|$—i(x1, L ,x"“))
! ot .
_ |$i’[x1,...,xz 3 ‘xi|\/1— 2+ ()2, 2 g
i
— @[xl, R A AR Ll
x
=[x, ..., 2"

The last line occurs because |z°| /2" = +1, but in either case, the two points correspond
to the same equivalence class in RP™. The transition maps are given by

_ e o . o .
(¢s0 ;") (! ... a") = %(xl,...,az:z LA R vl e AL

where x = (z*,...,2™) € U;NU;, i < j. This is smooth since x*, 27 # 0 on U; N Uj.
This shows that RP™ is a smooth manifold. If instead we would consider all the 1-
dimensional complex subspaces of C"*1, we would obtain in the complex projective
space, CP™, with dimension 2n (as a real manifold).

This example is of crucial importance to us: it is the first example of a Grassmann
manifold (or more simply, a Grassmannian). These manifolds allows us to construct
a manifold, called the universal bundle, which is so twisted that any vector bundle is
a pullback of this universal bundle (pullbacks of vector bundles usually give bundles
that are less twisted, as we will see later).

2.2. Smooth Maps

In order to study topological spaces, one has the notion of continuous functions
(i.e., functions that “detect” the topology of the space), similarly to study groups or
other algebraic structures, one has different maps that behave in a “compatible” way
with the algebraic structure. To study smooth manifolds, we want to consider maps
that detect both the topology (since manifolds are topological spaces) and the smooth
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structure. Moreover, we would also like this more general notion of differentiability
to reduce to that of R” which we already know. Thankfully, charts will make this job
possible.

Definition 2.10. Let M be a smooth manifold. A real-valued function f : M — R
is said to be a smooth function on M if there exists an atlas A for M such that, for
all charts (U,¢) € A, food™ : ¢(U) — R is a smooth function on ¢(U) C R™. We
write C(M) for the set of all smooth functions on M.

Note that, if f: M — R is a smooth function on M, then fo¢y~!: (V) — Ris
smooth for any chart (V,4) in the maximal atlas for M. By Example 2.6, any open
subset of M is also a smooth manifold, so we can speak of smooth functions on open
subsets of M. For example, if (U, x!,...,2") is a chart on M, each ' : U — R is a
smooth function on U.

We can see that this notion of differentiability reduces to that of multivariable
calculus: consider the atlas {(R™,id)} on R", if f is smooth in the sense of the
definition above, then foid™ = foid = f is a smooth function on id(R") = R" in
the sense of multivariable calculus.

If f,g € C*(M) and a € R, then f + g given by (f +g)(p) = f(p) + 9(p), fg
given by (fg)(p) = f(p)g(p) and af given by (af)(p) = af(p) are all C* functions
on M. This turns C*>°(M) into an algebra over R (recall that an algebra over a field
F is a vector space V over F with a multiplication map that turns V into a ring with
a(vy - vg) = (avy) - vg = vy - (avy), for vy, vy € V, a € F).

Definition 2.11. We say that a continuous map f : M — N is a smooth map if
there exists atlases Ay and Ay for M and N, respectively, such that for any choice
of charts (U, ¢) in Ay and (V1) in Ay, the composition

bofog tipUN V) = ¢(V)
18 smooth as a map between Euclidean spaces.

Note that, since f is continuous, f~!(V') is open in M and ¢(U N f~1(V)) is open
as a subset of the corresponding Fuclidean space, so it’s alright to talk about the
smoothness of 1 o f o ¢! in the usual sense of multivariable calculus. We will use
“differentiable” and “C*” as synonyms of “smooth”.

Of course, this notion of differentiability for a map f : M — N between manifolds
coincides with the well-established definition from multivariable calculus when M =
R™ and N = R™. One can easily show that the composition of smooth maps is also
smooth and that the restriction of a smooth map to an open subset is also smooth.
The identity map is smooth since coordinate maps are smoothly related.

Definition 2.12. A bijective map f : M — N between manifolds is a diffeomorphism
if both f and f~' are smooth.

Example 2.13. Let (U, ¢) be a chart on a smooth manifold M. Then ¢ : U —
o(U) C R™ is a diffeomorphism of U onto ¢(U).

Theorem 2.14. Let M and N be smooth manifolds and let {U,} be an open cover
of M. Suppose that, for each «, we have smooth maps fo, : Uy, — N such that

fa|U(,mU5 = f5|UamUﬁ for each o and B. Then there is a global smooth map f : M — N
such that fly, = fa-
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Proof. Let f: M — N be given by f(p) = fu(p) for p € U,. By the gluing lemma, f
is continuous. Moreover, if p € M, then p € U, for some «, so there is a chart (U, ¢)
for M with p € U C U, and a chart (V,v) for N with f(p) € V. It follows that
pofop=1ofooptongp(UNf V) =d(UNU,Nf1(V)). Since f, is smooth,
we conclude that f is also smooth. 0

We know R"™ quite well and know of many different constructions on this space,
so we would of course like to find a way to extend these constructions to manifolds by
using their local structure. In order to do this, we introduce the notion of partitions
of unity, which will be useful in our study of manifolds.

Recall that the support of a function f: M — R is the set

cly({x € M : f(x) #0}).

Definition 2.15. A partition of unity on a manifold M is a collection of smooth
functions {a}aca, Yo : M — R, such that
(1) 0<u(p) <1 foralla€ A andp € M,
(2) for each point p € M, {suppi,} is locally finite, that is, every p € M has a
neighbourhood that intersects only finitely many of the supp v, and

(3) for eachpe M, > wa(p) =1.

Proposition 2.16 (Existence of Partitions of Unity). Given an open cover {Us}aca
of a smooth manifold M, there is a countable partition of unity {1;}ien such that the
support of V; is compact and is contained in U, for some a € A. If we do not assume
compact support, then there is a partition of unity {1, } with supp v, C U, for each
a € A with at most countably many of the 1, not identically zero (in this case we say
that {1} is subordinate to {U,}).

Proof. See Theorem 1.11 in [6]. O
This result leads us to two very useful corollaries.

Corollary 2.17. Given a closed subset A of a smooth manifold M, and any open set
U containing A, there exists a smooth function b : M — R such that 0 < b(z) <1 for
allz € M, b(x) =1 for all x € A, and suppb C U.

Proof. Let {11,192} be a partition of unity subordinate to Uy = U and Uy = M \ A.
Then b = 1) is the desired function. O

Corollary 2.18. Let M be a smooth manifold, U an open neighbourhood of some
pE€ M and f : U — R a smooth function. Then there is an open neighbourhood V'
of p with cly (V) C U and a smooth function f: M — R such that flv = flv and

fle)=01ifqgU.

Proof. Let (W,¢) be a chart with W C U, ¢(p) = 0 and By(0) C ¢(W) (this
always exists by composing with translations and scalar multiplications). Then
V = ¢71(By(0)) is such that cl(V) € W C U. By the previous corollary, there
exists a smooth function b : M — R such that b(x) = 1 for all x € cly (V) and
suppb C W. Define f: M — R by
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This is the desired function. O

This, in particular, means we can extend a coordinate map ¢ : U — ¢(U) to
a smooth map gz~5 : M — R"™, by shrinking U beforehand and extending each of the
coordinate functions z° : U — R to smooth functions on M. Of course, this is no
longer a diffeomorphism.

2.3. Submanifolds

We conclude this section by briefly discussing submanifolds of a smooth manifold
M.

Definition 2.19. A subset N C M is a k-dimensional submanifold of M if for any
p € N, there is a chart (U,z',...,2™) of M with p € U such that

NNU={qeU: 2" p)=---=2"(p) =0}.
Moreover, if N is a closed subset of M, we call N a closed submanifold.

Note that a k-dimensional submanifold N of M has a smooth structure making
N a k-dimensional smooth manifold. If {(U,, ¢o)}aca is an atlas for M, and B C A
is the set of all § € A such that (Us, xé, ..., ;) satisfies

Nﬁng{qEUB:xllgH(q):-~:xg(q):0},

then {(N NUg,xp,...,25)}sep is an atlas for N.
If the reader has had previous experience with manifolds as subsets of R™, then
the above definition might seem familiar. One can see that open subsets of manifolds

are submanifolds of the same dimension, and the sphere S™ is a closed submanifold
of R*H1,

Example 2.20. Consider the projective n-space RP™. This can be seen as a quotient
space of R"™! (see Example 2.9). The inclusion i : R"™ < R"™2 induces a smooth
map ¢ : RP" < RP""! such that the diagram

R+l ety R

| I

RP" —— RP"!
commutes. So we can consider RP™ as a submanifold of RP™'. We can then define
RP*> as the union of all the RP™, and define a set U C RP* to be open if U NRP"

is open for all n (i.e. we put on RP™ the weak topology). This procedure can also be
done if we replace R by C.
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3. BUNDLES OVER MANIFOLDS

3.1. Vector Bundles

The usual way one pictures a vector v = (v!,...,v") in R" is as an arrow starting

from the origin and terminating at the point v € R", but one can very well picture v as
starting at some other point p € R” and terminating at the point (p*+uv!, ... p"+o").
Let us write v, for the vector v pictured as an arrow starting at p. If one considers
the set of all such v,, then one can naturally put a vector space structure on this
set: if u,v € R", a € R, one can define addition by u, + v, = (u + v), and scalar
multiplication by av, = (av),. Let us make this idea more precise and in a way that
can be generalized to manifolds.

For p € R", let R* = {p} x R™ (we view this as the set of all m-dimensional
arrows starting at p). Taking the union over all such p € R", we have

E=[JR'=R"xR"

pER™

(note that this is in fact a disjoint union). We naturally have a projection map
7: E — R" given by 7(p,v) = p, which is smooth. We can further endow 7~!(p) =
R}" with the structure of a real vector space: define @ : J,cgn Ry’ X RY' — E and
®:Rx E— E by

ER"

(p,v) & (psw) = (p,v + w),
c® (p,v)(p,cv).

We will usually write @ and ® as + and - (or just by concatenation).

One particular case of interest is when m = n. We call R} the tangent space at
p, usually denoted by T,R", and F = UpeRn R} the tangent bundle of R", denoted
TR"™. A smooth map f : R" — R™ induces a linear map f., : T,R" — T}, R™
by fip(vp) = (Df(p)(v))sp), where Df(p) the derivative of f at p. The reason
this is of interest is because differential calculus allows us to gain insight of maps
f : R™ — R™ using its derivative, Df(p) : R* — R™. This insight comes from the
various theorems one learns in undergraduate mathematics: the mean value theorem,
inverse and implicit function theorems, constant rank theorems, etc. More than that,
we can even gain geometric information about the domain of f using this map of
tangent spaces. For example, it is quite easy to show that R™ and R™ can only
be diffeomorphic if n = m by reducing this problem to a linear algebra one using
the derivative, a result which is much far trivial if we replace “diffeomorphic” by
“homeomorphic”. This highlights the perks of differential calculus: we can reduce
problems about the topology of our spaces to linear algebra problems. If U C R" is
open, we can define

T,U ={p} xR", and TU = | JR!
peU
and the discussion above carries over.

We can take advantage of the fact that manifolds have open subsets which are
diffeomorphic to open subsets of R” in order to generalize the above.
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Definition 3.1. A (smooth) real vector bundle of rank k over a manifold B is a
quintuple (E, B, 7, ®,®) with

(1) E a manifold and 7 : E — B a smooth onto map,

(2) the maps

@ U 7l p) x 7 p) = E  such that @ (7 '(p) x 7 ' (p)) € 7 (p),

O:RxE—E such that  © (R x 774 (p)) c 7~ 1(p)

turn 7= 1(p), called the fibre over p, into a real vector space of dimension k,
(3) the following local triviality holds: for any p € B, there exists an open neigh-
bourhood U of p and a diffeomorphism ¢ : 7=1(U) — U x R¥ such that

Ui s (@) = {a} x R
1s a linear isomorphism, for each g € U. We call ¢ a trivialization for E and
U a trivializing open set for E.

The spaces E and B are called the total space and the base space respectively, and m
the projection map.

If v,w € 7 (p), we usually write v ® w = v + w and similarly for ©. We
usually refer to a vector bundle (E, B, m, +,) simply as 7 : E — B. We also write
E, = 7=!(p). If we replace R by C we obtain a complex vector bundle of rank k. A
vector bundle of rank 1 is called a line bundle.

Example 3.2. As we previously discussed, E = R" x R¥, B = R" and the projection
7 :R" x R¥ = R" form a vector bundle of rank k.

Example 3.3. If M is an n-dimensional manifold, E = M x RF is a vector bundle
of rank k over M with projection map w(p,v) = p forp € M, v € R*. We call this
the product bundle of rank k over M.

Example 3.4. If 1 : E — B is a vector bundle and U C B an open subset, then
U inherits a vector bundle structure with total space m=(U), projection 1y, and
addition and scalar multiplication using the appropriate restrictions.

Before introducing our next example of a vector bundle, let us take a more ab-
stract look at T,R™, p € R™. Let v € R", v = Y.  v'e;, where ey,...,e, is the
standard basis of R and f : R® — R a smooth function. Then v, = Y 7", v'(e;),.
We have a map 7,R" — R given by

Up — va(p) = ZUZle(p)7
=1

i.e. the directional derivative of f in the direction of v at p. If f,g € C*°(R"),
D,(f 4+ g) = D,f + D,g, also by the product rule,

Dy(fg) = f(p)Dvg + g(p) D, f,

and if a € R, then D,(af) = aD,(f). A map C*(R") — R satisfying these conditions
is called a linear derivation at p. These two ways of looking at v, either as a pair
(p,v) or as a linear derivation at p, are in fact equivalent (see Section 2 of [7] for a
more complete treatment of this). The advantage of this latter perspective is that
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it allows us to have an intrinsic definition of tangent vectors at a point without any
reference to a basis of 7,R", and this is much easier to transfer to general manifolds.

Definition 3.5. Let M be a manifold and p € M. The tangent space at p, denoted
T,M, is the set of all maps v: C*(M) — R satisfying

(1) o(f +g) = v(f) +v(9),

(2) v(af) = av(f),

(3) v(fg) = f(p)v(g) + g(p)o(f),
where f,g € C*(M) and a € R.

We sometimes write v € T,M as v, to make the base point explicit. Note that
T,M has a natural vector space structure given by point-wise addition and scalar
multiplication. With this structure, we call T,M the tangent space of M at p and
call v € T,M a tangent vector at p.

Let (U, ¢) be a chart on M and z', ..., 2" be the coordinate functions of ¢. Then
the map

C*(M) > f = Di(fo ¢~ )(¢(p))
defines a tangent vector at p, denoted 9/9z"|,, that is,

() () = Dils 067000

We usually write (0/9z")|,(f) = 0f/dx"(p) or also (8/dxz")|,(f) = (0f/Ix")|,. From
the case M = R", the following fact is easy to accept:

Theorem 3.6. The tangent space T,M at p € M is an n-dimensional vector space.
Moreover, if (U,x',... 2" is a chart around p, then 0/0x',...,0/0z" is a basis of
T,M.

Proof. See Theorem 1.33 in [2]. O
Theorem 3.7. Let (U, ¢) and (V,v) be two charts around p € M and let x*, ... a"
and y', ..., y" be their respective coordinate functions. Then
0 "L Oy’ 0
ori| ox? (p)ﬂ
P =1 Y lp

Proof. This is just an application of the chain rule:

O (4) = Dutf 0 67)(6(0)
= Di(for  ohod ) (o(p))

_ Z D;(f oy ) ((p)) Di( 0 ™) (4(p))

= o
)

j=1

=< W s

= ozt~ Oyl
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Let X, € T,M. A smooth map f: M — N induces a linear map f,, : T,M —
Ty N given by
(fepXp)g = Xp(go f),
for g € C*°(N). This is indeed a derivation at f(p): let g,h € C°°(N), then

(fepXp)(gh) = Xp((gh) o f) = X,((go f) - (ho f))
= g(f(P)Xp(ho f) + h(f(p)Xp(g o [f)
= g(f(p))(fupXp)h + h(f (D)) (fepXp)g-

The other properties are proved similarly. We sometimes write f, for the union of all
the f.,.

Definition 3.8. We call f., the pushforward, or differential, of f at p, and f, the
pushforward of f.

Theorem 3.9. Let f : M — N and g : N — P be smooth maps, and X, € T,M.
Then

(90 [)epXp = Grs ) (fopXp)-
Proof. Let h € C*°(P). Then

((go f)*,po)h = Xp(h ogof)= f*,po(h °g)
= (g*,f(P)(f*,po))h
O

The connection between this more general definition of f, for manifolds and that
for R™ becomes more evident when seeing the local coordinate description of f.. We
refer the reader to Chapter 3 of [1] for an in-depth look at the tangent space and
computations in local coordinates.

We are now ready to construct one of the most important examples of vector
bundles. This will generalize the tangent bundle of an open subset of R™ we previously
discussed.

Example 3.10 (Tangent Bundle). The tangent bundle of a smooth manifold M is
the space
™ = | J T,M.
peEM

We have a natural map = : TM — M by 7(v,) = p for v, € T,M. The topology
on TM is given as follows. Let (U, ¢) = (U,z',...,2™) be a chart on M. Since
d/0z,,...,0/0x"|, is a basis of T,M for any p € U, if v, € T,M, we can write
v, = Yi v(0/0x")|,. Since this can be done for any p € U, the coefficients v, ... v"
depend on v,, so these are functions on 7= (U). This defines a map ¢ : 7= (U) —
o(U) x R™ given by

gg(vp) = (z'(p),...,2"(p), v (v,), ..., v"(v,)) = (' om,...,a" o, vt ... 0™ (v,).
The inverse of this map is given by

W) e =3l
=1

oxt

p



CHARACTERISTIC CLASSES AND DE RHAM COHOMOLOGY 16

We define a set to be open in 7= (U) if and only if p(A) is open in ¢(U) x R (which
is an open subset of R*™). The collection of all open sets in 7= 1(U,), as U, runs over
the coordinate neighbourhoods in the maximal atlas of M, is a basis for the topology of
TM. It’s easy to see that this topology is Hausdorff and second countable. It is easy
to show that {(m~Y(Uy), ¢a)} is an atlas for TM, making this a smooth manifold.

We still don’t have a vector bundle structure on TM, since we are still missing
the trivialization maps. The reader might have already guessed what these will be: we
let  : 7 HU) — U x R™ be given by 1(v,) = (7(v,), v (vp), ..., v"(v,)), where (U, @)
1s a chart on M. All the desired properties of a vector bundle are easily checked.

The tangent bundle of a manifold is a natural place to study the geometric
properties of the manifold, as it encodes information such as orientation and curva-
ture. Moreover, a smooth map f : M — N defines a smooth, fibre-preserving, map
fo : TM — TN such that f, is linear on each fibre (that is, f., : T,M — Ty N is
linear).

Definition 3.11. Let m : By — By and my : Ey — By be vector bundles. A bundle
map is a pair (f, f) of smooth maps f : Ey — FEs, f : By — By, such that the
following diagram commutes

El%EQ

BlL)BQ

and f|7r;1(p) st (p) = m L (f(p)) ds a linear isomorphism for each p € B.
If By = By =B, f=idg and f : E1 — Es is a diffecomorphism, we call f a

bundle equivalence. In this case, we say that m : Fy — B and o : Fy — B are
equivalent.

Example 3.12. Any vector bundle w : E — B of rank k equivalent to the product
bundle p : B x R¥ — B is called a trivial bundle. So the local triviality condition
in the definition of a vector bundle says that B has an open cover {U,} such that
71 (U,) is a trivial bundle for each «.

Definition 3.13. Let m : E — B be a vector bundle of rank k. A smooth map
s: B — FE such that mo s =idp is called a smooth section of E. We write I'(E) for
the set of all sections of E.

Example 3.14. A smooth section s : M — TM of the tangent bundle is called a
smooth vector field.

One can replace smooth by continuous in the definition above and obtain what
is called a continuous section. Since we will mainly be in the smooth category, we
will only restrict to smooth sections unless otherwise stated.

Example 3.15. Let m: E — B be a vector bundle. There is always a trivial section,
so : B = E given by s0(0,), where 0, € 7 (p) is the zero vector. This is also
called the zero section of E. Although this section might seem uninteresting, it has
an important use.
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Recall that a deformation retraction of a topological space X onto a subspace A
of X is a continuous map F : X x [0,1] = X such that F(z,0) =z, F(z,1) € A and
F(a,1) = a for all a € A. Since we care about smooth manifolds, if X is a smooth
manifold, we can consider F' to be a smooth map and call this a smooth deformation
retraction. We claim that any vector bundle w : E — B deformation retracts onto
so(B) (and in turn, so(B) is diffeomorphic to B). We define F': E x [0,1] — E by
F(v,,t) = (1 —t)v,. Then F(v,,0) = v,, F(v,,1) =0,, and F(0,,1) = 0,, so this is
the desired deformation retraction.

Defining addition and scalar multiplication of sections point-wise, we can make
I'(E) into a vector space (over R if E is a real vector bundle and over C if £ is a
complex vector bundle). Moreover, if f € C*(B), s € I'(E), we can define (fs)(p) =
f(p)s(p) so that I'(E) becomes a module over C*°(B).

Definition 3.16. A frame field over an open subset U C B is a set of k sections
S1,...,8¢ : U — E such that s1(p), ..., sk(p) forms a basis of E,, for allp € U.

Example 3.17. Let M be a smooth manifold. If (U, z',... 2") is a chart on M,
then 8/0x,...,0/0z™ : U — TM s a frame field over U.

Remark 3.18. If 7 : E — M is a vector bundle of rank k which has a frame field
S1,...,8, over the whole of M, then w: E — M is a trivial bundle. In particular, if
E is a line bundle, then the ezistence of a section s : M — E with s(p) # 0 for all p
(that is, a non-vanishing section) implies that E is trivial.

We conclude this section by giving an easier way to construct vector bundles.
Let m : E — B be a vector bundle, {U,}.ca an open cover of B where each U, is
a trivializing open set for E, and let 1, : 771(U,) — U, x R¥ trivialization map for
each o« € A. Then, for € A, pe U, NUz, v e R",

Yo 0 U5t (p,0) = (P, Gap(p)V)

where g, € GL(k,R). So this defines a smooth map g.s : U, N Uz — GL(k,R),
called a transition function. If v € A, we can define new transition functions g, and
gs- 1t is easy to check that these transition functions satisfy the cocycle condition:

9ap(P) 95 (P) = Gary (D)

for each p € U, N Ug N U,. Moreover, goo(p) = idge and gas(p) = (95a(p))
Conversely, given an open cover {U, }aca of B with a family of maps {gas}a,sea Wwith
values in GL(k,R) satisfying

-1

Jaa(p) = idzr,  gas(p) = (98a(p)) ™", and  gas(p)gsy(P) = gary(p),

for p € Uy, Uy NUg and U, NUg N U,, respectively, we can construct a vector bundle
of rank k by patching the U, x R* together. We call the family {g.s} a cocycle.

Definition 3.19. Two cocycles {gap} and {g,5} said to be equivalent if there exist
maps Ao : Us = GL(E,R) such that gag(p) = Aa(p)gas()(As(p))~" for p € Uy N Us.

Two vector bundles over the same base space have equivalent cocycles relative to
some open cover if and only if the two bundles are equivalent.
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3.2. Operations on Vector Bundles

Many of the constructions one can do on vector spaces (direct sums, tensor prod-
ucts, dual space, etc) are easily transferable to vector bundles. As we could see when
constructing the tangent bundle, the appropriate topology and smooth structure on
the total space is usually clear, but working out the details can be quite tedious.
Because of this, we will omit mentioning these in detail.

Direct Sum

We first consider the direct sum. Let 7 : By — M and m : E5 — M be two
vector bundles over a smooth manifold M. We define the direct sum (also called the
Whitney sum) of the vector bundles E; and Es to be the set

E1 P EQ = {(Ul,UQ) < E1 X E2 : 7T1(U1) = WQ(UQ)}
with the projection 7 : £y & E; — M given by

7(ur, up) = mi(ur) (= m2(uz)).

If E; has rank k; and E, has rank ko, then F; @& E5 has rank ki + ky. Suppose
{1ho} and {¢)} are trivializations for E; and Ej respectively, corresponding to the
trivializing open cover {U,}. The trivializations for F; @ F5 are given by

Vo @Y, (U,) =Uy x (RFY @ R*2)
(Ul,UQ) '—>(7T(U1,U2),¢a(ul)7¢;<u2))'

We can also describe this bundle using the transition functions

/ )
0 g, 5

where g, is a transition function for £ and g/, 5 a transition function for E.

Pullback Bundle

Let 7 : E— M be a vector bundle. A smooth map f: N — M induces a vector
bundle f*E on N, called the pullback of E by f as follows. The total space f*FE is
the subset

{(p,v) e N X E: f(p)=n(v)} CN x E.
If {U,} is a trivializing open cover for £, then {f~!(U,)} is a trivializing open cover
for f*E. The map f : f*E — E given by f(p,v) = v is an isomorphism of (f*E),
onto Ey(, whose inverse is the inclusion v < (p,v).

Example 3.20. Let M and N be manifolds of dimensions m and n respectively.
Then M x N is a manifold of dimension m +n (see Example 2.5) and T'(M x N) is
equivalent to i, (TM) @ (T N) where mpy : M X N — M and 7y : M X N — N
are the natural projections.

There is an important property of pullback bundles that make the job of classi-
fying these easier.
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Theorem 3.21. Let w: E — M a vector bundle and f,g: N — M be smooth maps
that are smoothly homotopic (that is, there exists a smooth map H : N x [0,1] — M
such that H(x,0) = f(z) and H(z,1) = g(z)). Then f*E and g*E are equivalent.

Proof. See Theorem 4.7 of Chapter 3, Section 4 in [8]. Although this proof is done
in the continuous category over paracompact spaces, the form these maps have are
easily seen to be smooth on manifolds (which are also paracompact spaces). 0J

This has a particularly useful consequence.
Corollary 3.22. Any vector bundle over a contractible space is trivial.

Proof. Note that any vector bundle over {x} is trivial. Let M be a contractible
space and 7 : E — M a vector bundle of rank k. Then the identity map on M,
idys : M — M, is homotopic to a constant map ¢, : M — {p}, ¢,(x) = p for all
x € M. Tt follows that id},E is equivalent to ¢;({p} x R¥). But ¢;({p} x R¥) is

equivalent to {p} x R¥ while id},F is equivalent to E. The result now follows. O

From the above, it follows that any vector bundle over R" is trivial.

Restrictions, Subbundles and Quotients

If N is a submanifold of M, then one can consider the restriction of the vector
bundle 7 : E — M to N: we let E|xy = 7 !(N) and let the projection E|y — N to
be the restriction 7|, . This is of course a vector bundle over N in the obvious way.
Note that, if ¢« : N — M is the inclusion map, then

i"E={(p,v) e Nx E:p=i(p) =n(v)}.

So E|y and i*FE are equivalent in a natural way (one that does not depend on the
trivializations).

Definition 3.23. A subbundle of a vector bundle w : E — M is a vector bundle
' F'— M such that F is a submanifold of E and, for each p € M, F, is a linear
subspace of E,.

Let F' be a subbundle of E. Since F), is a linear subspace of E,, we can consider
the quotient space E,/F, above p. Gluing these together, we obtain a new bundle:
the quotient bundle of E' by F' has as its total space the set

B/F = | E/F,
pEM
and projection map 7’ : E/F — M given by 7'(v+ F,) = n(v), where v+ F, € E,/F,
is the coset of v € E,. This bundle has rank k& — k" if £ has rank k and F' rank k'.

Example 3.24. Let S be a submanifold of M. Then TS is a subbundle of TM|s.
The normal bundle of S in M is the quotient bundle TM|s/TS. We denote this
bundle by NS. The fiber at p of TM|s/T'S is called the normal space at p of S in M.

Example 3.25. Consider the n-sphere, S™. If x € S™ (seen as a vector in R"™!)
then z, = (z,x) € NS? is a normal vector at x. Note that dim NS? = dim T,R* —
dim 7,5% = 3—2 =1, so any normal vector at x can be written as \x, = (z, \r), for
A € R. A tangent vector at x can be written as (x,v), where (x,v) =0 (here (, ) is
the standard inner product on R™), see Figure 3.1.
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Ty

T,S?

FIGURE 3.1. Tangent space at x € S? with normal vector Axz,.

Example 3.26. The canonical line bundle 7 : E — RP™ is the subbundle of RP™ X
R™ 1 whose total space is the subset

E={(,v) e RP"xR"™ : [ € RP", v cl}.
From this, we can construct the quotient bundle (RP™ x R"™')/E, called the universal

quotient bundle of RP™.

The constructions above can also be done for CP" instead. More generally, if V'
is a complex vector space, we can define its projectivization

P(V) = {1 — dimensional subspaces of V'}.

By following a similar procedure as RP", P(V') is also a smooth manifold and hence
we can consider vector bundles over it. The canonical line bundle over P(V') (also
called the universal subbundle) is the subbundle of P(V') x V' whose total space is

S={(v)eP(V)xV:vel)

and the universal quotient bundle is the quotient (P(V) x V)/S.
Similar to the case of vector spaces, the quotient, (), of a vector bundle 7 : £ — M
modulo a subbundle 7’ : S — M of E' is defined by the exact sequence

0—S5S—F—Q—0

(see Definition 4.9 for the definition of an exact sequence). If £ = P(V) x V and S
the universal subbundle, then () is the universal quotient bundle. The exact sequence
above is called the tautological exact sequence over P(V).

Complexification, Realification and Tensor Product of Vector Bundles

If #: E — M is a complex vector bundle of rank k, each fibre can then be seen
as a real vector space dimension 2k. The transition functions of E take values in
GL(n, C), but by forgetting about the complex structure, we can consider this as the
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space GL(2n,R). This turn 7 : E — M into a real vector bundle of rank 2k, for
which we write mp : EFr — M.

Now suppose 7 : E — M is a real vector bundle of rank k. We can construct a
complex vector bundle n¢ : £ ® C — M of rank k as follows with total space

E®C=|]JE®C

peEM

and cocycle {gos ® C}. In terms of matrices, g,s ® C is the n x n matrix g, where
its entries are seen as complex numbers.

If m: E— M is a complex vector bundle, one can show that Fr ® C is equivalent
to £ @ E, where E is the vector bundle with Ep obtained by complex conjugating the
elements of £,, and the transition functions of E are those obtained by conjugating
the transition functions of E.

This construction is a particular case of a more general one: the tensor product
of m: E— M and 7’ : E' — M has total space

EoE =|])E ®E,
peEM
and cocycle {gas ® g5}, where {gas} and {g;,5} are the cocycles of £/ and E’ respec-
tively.

Dual Bundles, Exterior Products and Inner Products

Let m : E — M be areal vector bundle of rank k. We can construct another vector
bundle of the same rank by taking the fibres at p to be the dual space of E,, which
we denote by E. If gap : Uy N Ug — GL(n,R) is a transition function for £, then
Jap(p) : R™ — R™ induces an invertible map of dual spaces gns(p)’ : (R")* — (R™)*.
We let the transition for E* be the maps (g55) ", where (gf5) 7" (p) = (9a5(p)") "

Example 3.27. For the tangent bundle TM — M, its dual is called the cotangent
bundle, denoted T*M — M. If w € T*M, thenw € T;M = (T,M)* for somep € M.
This is a map that takes a tangent vector v € T,M and outputs a real number w(v).
On a chart (U, z',...,2") of M, we have a basis 8/0xz|,,...,0/0z™|, on T,M for
any p € U. The basis in Ty M dual to d/0x" is denoted by dz'(p),...,dz"(p). From
linear algebra, this satisfies

dritp) (=] ) = st =
v (p><0xﬂ p> J {O, otherwise.
Note that 5 oy
i _ oz
du (p)<% p> = P

Just like for finite dimensional vector spaces, there is a natural equivalence between

TM and (T*M)*.

Since £y = Hom(E),,R), one can generalize the above and obtain a new bundle
whose fibres are Hom(E), E), the linear maps from E, to E}, for two bundles 7 :
E — M and 7’ : E' — M. We denote this bundle by Hom(E, E’) and call this the
Hom bundle of £ and E'.
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From linear algebra, the (algebraic) tensor product V @ V' of two finite di-
mensional real vector spaces V and V' is equivalent to the space of bilinear maps
V* x (V)" — R. So the tensor product £ ® E’ of two bundles 7 : £ — M and
7' 1 B' — M can be seen as the bundle whose fibres are bilinear maps E x (E})* —
R. This can be generalized for the bundle F; ® --- ® E, of the vector bundles
Ey,... E,.. Thatis, F] ®---® FE, can be seen as the space whose fibres are maps
(Er); x --- x (E,); — R that are linear in each component (we call such a map
multilinear). A particular subbundle of F; ® --- ® E, we are interested in is the one
whose fibres are the alternating multilinear maps w : (Ey); x --- X (E,); = R, p € M.

By alternating, we mean that, if o is a permutation of 1,...,r, then
W(Vs(1)s - -+ Vo(r)) = (signo)w(vy, ..., vp).
For a vector space V with dim V' = n, we write "V for the space of alternating
multilinear maps V* x --- x V* — R (r-fold product). The justification for this

notation is as follows. If v; : V* — R, ... v, : V¥ — R are linear maps, one has a
multilinear map v; ® - Q@ v, : V* x --- x V* =+ R by

V1 ® . ® Ur(wla . 7w’r) = Ul(wl) o ‘Ur(wT)’

We can then define the exterior product of vy,...,v, € V* denoted vy A --- A v,, to
be the multilinear map given by

v A Av(wy, .., wy) = Z(signa)(vl ® -+ @ V) (Wo(1), - - - Wo(r))s
gES,
where S, is the symmetric group on r elements (that is, the space of all bijections
{1,...,7} = {1,...,r}). This map is alternating and so it lies in A" V. Moreover,
v Avg = —vg A wvy. It is common to write ¢ - (v; ® - -+ ® v,.) for the multilinear map
given by

o Q- @V (W, we) = (V1@ @) (Wo1)s - - -5 Wo(r))-

More generally, if w and 7 are multilinear functions from the k-fold product V* x
-+ x V* and the [-fold product V* x --- x V* into R, respectively, then we define

1
WAT = T Z (sign(o))o - (w® 7).
0ESKy1

A basis for the space of multilinear maps V* x --- x V* — R (r-fold product) is
given by €; ®---®¢j ,i1,...,4 € {1,...,n}, where e}, ..., ¢} is the basis dual to the
basis e1, ..., e, for V. From this, one can show that a basis for A"V is e, A---Ae;,,
where 1 < 4y < --- < i, < n. One can also make the above discussion by using
different vector spaces in the r-fold product V x --- x V' but we will not be dealing
with this. We refer the reader to Chapter 4 of [9] for a quick treatise on multilinear
maps and alternating tensors. The equivalence between multilinear maps and the
algebraic tensor product can be found in Proposition 12.10 of [1] .

From the above, we can construct the vector bundle A" F — M from 7 : E — M,
whose fibres are the alternating multilinear maps A\"(E,) — M.

Example 3.28. Throughout this paper, we will be mainly discussing sections on the
bundle N (T*M). A section w : M — N*(T*M) is called a differential k-form (or a
k-form for short). For p € M, w(p) is an alternating multilinear map that takes k
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tangent vectors vy, ...,v at p, and outputs a real number w(p)(vy,...,vx). But we
also have sections vy,...,vp : U — TM on coordinate neighbourhoods U of M. So
we can consider the function U — R given by

w(vr, .. v)(p) = wp)(vi(p), - -, vk(p)-
We say that a k-form w is smooth if w(vy,...,vx) € C®(U) (this in fact agrees with

the previous definition of a smooth section). On the coordinate neighbourhood U of
M, we have a smooth frame da',...,dz" : U — T*M. This induces a smooth frame
Az A -+ A dxte U—>/\k(T*M), 1<ip <---<ip <n given by
(daz™ A - Adx'®)(p) = dat(p) A -+ A da¥(p).
One also has the smooth frame 0/dz",...,0/0z™ : U — TM. We then have smooth
functions U — R given by
81‘]'1"“781']'1@ p)7
where 1 < ji, ...,k < n.
We will discuss the space F(/\k(T*M)) of smooth sections M — N\*(T*M) in
the next section.

0

oxrit

0

» ...,%

(et Ao nda) (50 L) ) = (e () A< e )

Before concluding our discussion on constructions on vector bundles, we shall
briefly discuss inner products.

Definition 3.29. A Riemannian metric (or more simply, a metric) on a vector bun-
dle m : E — M is a smooth section g : M — E* ® E* such that g(p) is an inner
product on I,.

One can think of a Riemannian metric as a way to assign an inner product on
each fibre F, of E that varies smoothly on p. By varying smoothly on p, we mean
that, if vy,...,v, : U — FE is a smooth frame on the open subset U C M, then
g(vi,vj) : U — R given by

9(vi,v;)(p) = 9(p)(vi(p), v;(p)),
for 1 <1i,5 < n, is a smooth function.

Proposition 3.30. Any vector bundle w: E — M admits a metric.

Proof. Take a trivializing open cover {U,} for E. Then E|y, is trivial so we can
define a Riemannian metric g, : U, — E* ® E* (we can do this by taking a smooth
frame over U, and defining it to be orthonormal). Take a partition of unity {,}
subordinate to {U,} of E and define g : M — E* ® E* by g = Y ¥aga. This is
smooth and g(p) is clearly symmetric and bilinear. Positive-definiteness follows from
the fact that ) 1. (p) = 1 and ,(p) > 0 for all p, so one of the 1),(p) must be
positive, and g, is positive-definite. 0]

The existence of a Riemmanian metric on a real vector bundle E' gives an equiv-
alence between E and E*. This equivalence need not hold if £ is a complex vector
bundle, since an inner product is not bilinear (see Corollary 6.28). Riemannian met-
rics also allows us to define the orthogonal complement, FpL of a linear subspace
F, C E,. Soif F'is a subbundle of E, we can define the orthogonal bundle of F' in F,
whose fibres are the orthogonal complements of F,. We denote this bundle by F*.
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Just like for finite dimensional vector spaces, F* is equivalent to £/F. In particular,
if N is a submanifold of M, then NS is equivalent to the orthogonal complement
TSt of TS in TM|s.
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4. DIFFERENTIAL FORMS AND DE RHAM COHOMOLOGY

4.1. Differential Forms on Manifolds

As promised in Example 3.28, we will now begin our studying our main space of
interest: the space of differential forms. In this section give a few more results specific
to this space and construct a functor from the category of differentiable manifolds to
the category of commutative differential graded algebras, which will then lead to the
definition of the de Rham cohomology of a manifold. From now on, all our maps will
be smooth and our manifolds and vector bundles will be real, unless otherwise stated.

We first recall the definition we gave in Example 3.28.

Definition 4.1. Let M be a smooth manifold of dimensionn. Fork > 1, a differential
k-form w on M is a smooth section M — N*(T*M). A differential 0-form on M is a
smooth function f : M — R. The space of k-forms on M is denoted by QF(M). For
k <0, we define Q"(M) =0, and (M) = @, Q(M). For a k-form w, we call k
the degree of w, denoted degw.

If we define QF(M) = 0 for k¥ < 0, and using the fact that Q*(M) = 0 for
k >n=dim M, we can write Q" (M) = D, ,, 2/(M).

Let M = U UV, where U and V are open. If wy : U — A"(T*U) and wy : V —
/\k(T*V) are k-forms on U and V such that wy(p) = wy(p) for all p € U NV, then
there is a global k-form w : M — /\k(T*M) by Theorem 2.14. So a different way
to look at differential forms on a manifold M is as a collection {wy} of differential
forms on coordinate neighbourhoods U of M which agree on all the overlaps. Since
k-forms on M can be seen as k-forms on open subsets which are diffeomorphic to
open subsets of R", a few results from the theory of differential forms on R™ carry
over to manifolds.

We begin by discussing the operator d : QF(M) — QFFL(M), called the exterior
derivative operator, defined locally as follows. Consider a coordinate neighbourhood

(U,z',...,2") of M. For f € Q°(M),

df =) ol
=1

If wis a k-form on M with w = Zi1<~~~<ik firoin
I:(ilv"wik)a 1SZI<<Zk§n7

fr=fi,. i, and dxlzdxil/\n-/\dxi’“,

dz A -+ Adx™ on U. Let us write

so that w can be expressed as Y, frdz! on U. We define dw on U as
dw=">"df; Nda".

We refer the reader to the discussion on exterior products in Section 3.2 for the
definition and the basic properties on the topic. We will omit the wedge symbol at
times and use concatenation instead. From this definition, the linearity of d is clear.

Proposition 4.2. Let 7 and w be differential forms. Then
d(T Aw) =dr Aw + (—=1)%871 A dw.
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Proof. It f,g € Q°(M), then

=i< gic-)dﬂ'

Z

=g- df+f dg

We now consider the general case. Since d is linear and A is bilinear, it suffices
to prove the proposition on monomials 7 = f;dz! and w = g;dz”’. We have

d(t Aw) = d(frg;)dx"dx’ = g;dfida’dx’ + frdg dx’ dz’
=dr Aw + (—1)%7 frda’ dg,;dx’
=dr Aw+ (—1)%877 A dw,

agdZ

concluding the proof. O

Since 0%f/02'0x7 = 0*f/0x70x" for a differentiable function f, and since da’ A
dr? = —da? A dz*, we have that d>f = 0. More generally,

Proposition 4.3. d> = 0.
Proof. It remains to consider a k-form w = fydx! on a chart (U, zt,. .., a"),
d*w = d(df;dx’) = (d* fr)dz" 4 (= 1)*df(d(cy)da"),
where ¢; € C*(U) is the constant function at 1 € R. Since d?f; = 0 and d(c¢;) = 0,
the result follows. O

Let f: M — N be a smooth map between manifolds. This induces a pullback
map f* : C®(N) — C®(M) by f*(9) = go f. Since O-forms are just smooth
functions, we can try to extend this to a pullback map on differential forms in the
following manner. Let w be a differential form on N. Then f*w is given by

(f*w) () (V1o vk) = W(f(P)) (fp(v1), oy fup(vr))

where vy, ..., v are tangent vectors at p € M (see Example 3.10 for the definition of
the pushforward f.).
Lemma 4.4. Let f: M™ — N™ be smooth.

(1) f*: QF(N) —> OF(M) is R-linear,

() (wAn) = frw) A ),
(3) In any smooth chart (U, y', ..., y*),
r(

Z Wi .. %dy“ N dylk) = Z (wil...zk f) (y“ Of) d(ylk Of).

11 <...<i 11 <...<ig
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Proof. (1) is clear. To prove (2), let w be k-form and 7 an [-form on N, and note that
[{w®n) = fw f. Then, using (1)

flonn) = (ﬁ > sima)o - wen)

UESk_»,_l

k'l‘ Z signo)o - f*(w®mn)

O'ESk+l

— % Z (signo)o - (f*(w) ® f*(n))

0ESk11
= 1 (@) A ().

For (3), it suffices to consider a monomial w;, ;, dy®™ A ...dy* € Q¥(M). Then,
using (2),

f*(wil---ikdyil ARRRNA dka> - f*(wulk)f*(dy“) ARRENAN f*(dy%>
= Wiy © P (dy™) A== A f*(dy™).
For v = 0/0z"|, € T,M,

(f*dy")(p)(v) = dy" (f (p))(f*,p(v))

f (p))

5’y‘1

while

a0 ) =3 22D ganagor),

:jfa ”Of
q=1

Ny xo f)( )

Hence, f*(dy) = d(y o f)(= d(f*y7)) which concludes the proof of (3).

From the last part of the proof above, we have the following.

Corollary 4.5. The pullback map f* commutes with d.
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Proposition 4.6. Let F': M — N and G : N — P be smooth maps and idy; : M —
M be the identity on M. Then (G o F)* = F* o G* and id); = idgr ).

Proof. We only need to consider monomials. Let w = fdz® ...dz%* be a k-form on
P. Then

(GoF)*(w)=(foGoF)d(z"oGoF)...d(z" oG oF),
F*oG*(w) = F*(foG)d(z" 0o G)...d(z" o G)
=(foGoF)d(z" oGoF)...dx" oG oF).
Also,
id, (w) = (f oidps)d(2™ oidyy) ... d(x% oidyy)
= fdx™ ... dx",
which is what we wanted. U

This last result shows the functoriality property of the pullback. That is, we have
a mapping 2* that takes a differentiable manifolds M and outputs the graded algebra
Q*(M). Moreover, if f: M — N is a smooth map, then Q*(f) = f* : Q*(N) —
Q*(M) is a linear map of graded algebras (that is, a linear map that preserves the
grading and the product structure) such that, if g : N — P is also a smooth map,
then

O (go f) = Q"(f) 0 Q*(y),
QO (idyr) = idor(ary.

An object that behaves like 2* is called a contravariant functor from the category
of differentiable manifolds to the category of graded algebras. If Q*(f) : Q*(M) —
Q*(N) instead, we would say that 2* is a covariant functor. We will continue writing
f* instead of Q*(f). Note that, if f : M — N is a diffeomorphism, then f* is an
isomorphism since id = (fo f™1)* = (f)*o f*andid = (f~'o f)* = f*o (f71)"

4.2. The de Rham Complex

From our discussion in the previous section, we see that the exterior derivative
gives us a sequence

QO(M) —4s QYM) —4 2(M) —— ...

with d?> = 0. Later on we will consider more instances of sequences like the above, so
we might as well talk about the general theory of these to ease our life in the future.
This section is the beginning of our algebraic treatment of manifolds which contrasts
our very geometric discussion from Sections 1 and 2. This approach will provide us
with very useful results and vocabulary.

Definition 4.7. A direct sum of vector spaces C' = ®q€Z C? indexed by the integers

is called a differential complex if there is a family d of linear maps d, : C1 — C9+?
such that dgy10dy =0 for all q. The collection d of all the d, is called the differential
operator of the complex C. We define the cohomology of C' to be the direct sum of
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vector spaces H(C) = @ o, H(C), where HY(C) = (kerdNCY)/(imd N CY) is called
the q-th cohomology group.

We right away see that our space Q*(M) with the exterior derivative operator
is a differential complex, called the de Rham complex, and we can thus consider its
cohomology, which will be one of our central objects of study. One can very well
replace the vector spaces by R-modules, where R is a commutative ring with unity,
and consider an equally interesting class of objects. We will not do this.

We now give a couple more definitions and results that will be used later.

Definition 4.8. A map f : A — B between two differential complezes (A,d4) and
(B,dg) is a chain map if fody =dpo f.

A chain map f : A — B induces a linear map f*: H(A) — H(B) in cohomology
by f*([a]) = [f(a)] such that (fog)* = f*og¢* and id}; = idga). So H is a covariant
functor.

Definition 4.9. A sequence of vector spaces

fic1 fi
. —— Vi > Vi > Vii

is exact if for all i, ker f; =1im f;_1. An exact sequence of the form
0 > A > B > C > 0

18 called a short exact sequence.

Lemma 4.10 (Five Lemma). Given a commutative diagram of vector spaces and
linear maps

> Al n > AQ L2 ? A3 fs > A4 i > A5 > .
N
. —— By —5— Bs > Bs > By » Bs >

92 g3 94

if the rows are exact, f and  are isomorphisms, « is onto and n is injective, then ~y
1S also an isomorphism.

Proof. To prove this, we use a technique called diagram chasing, which consists of
following the arrows and using exactness in the obvious way to obtain the result.

Let v € Az be such that y(v) = 0. By commutativity, d(f3(v)) = g3(v(v)) = 0.
Since § is an isomorphis, we have that f3(v) = 0. So by exactness at Az, we can
find ay € A, such that fy(az) = v. By commutativity of the diagram, 0 = v(v) =
7v(fa(az)) = g2(B(az)). So we can use exactness at By to find some by € By such that
g1(b1) = B(az). Since «vis onto, there is some a; € A; with a(ay) = by. Commutativity
of the diagram implies that 5(fi(a1)) = g1(a(ar)) = g1(b1) = B(az). Since [ is an
isomorphism, fi(a1) = az and 0 = fo(fi(a1)) = fa(az) = v, showing that ~ is injective.

We now show that « is onto. Let v € Bs. Then g3(v) € By. Since ¢ is an
isomorphism, there is some a4 € Ay with d(as) = g3(v). Then

1(f1(as)) = 94(0(as)) = ga(gs(v)) = 0.
Since 7 is injective, we find that fi(as) = 0. By exactness at Ay, there is some az € As
with f3(a3) = ag. Then g3(y(as)) = 0(f3(as)) = 0(as) = g3(v). So vy(az) —v € ker g3
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from which we can use exactness to find some by € By such that go(b) = v(a3) — v.
The fact that [ is an isomorphism gives us an element ay € Ay with S(az) = bo.
Using the commutativity of the diagram, we find that

Y(fa(az)) = g2(B(az)) = g2(b2) = y(az) — v.

It follows that a3 — fa(as) € As is such that (a3 — fa(az)) = v, showing that v is
onto and hence concluding the proof. 0

Proposition 4.11. Let

0 s A f>B v, C s 0

be short exact sequence of differential complexes, where the maps f and g are chain
maps. Then there exists a collection d* of maps d; : HY(C') — HT(A) such that the
sequence

C—— HY(A) L HYB) L HY(C) —£ HITY(A) — ...,

18 exact.

Proof. We will only define the map d* and omit the proof that the sequence is exact.
Let [c] € HI(C) be the cohomology class of ¢ € kerd N (Y. Since the sequence

fq

0 » Ad s B9 %, ca > 0

is exact for each ¢, we can find some b € B? such that g,(b) = c. Then g,41(db) =
d(gq(b)) = dc = 0, so by exactness we can find some a € A% such that f,.1(a) = db.
Then f,12(da) = d(fy41(a)) = d*b = 0. Since f,» is injective by exactness at A?™2,
da = 0 so a defines an element [a] in H¥(A). We define d*[c] = [a].

Note that this is well-defined by the linearity of f, and g,. 0J

We are finally ready to focus our attention on the de Rham complex previously
defined.

Definition 4.12. The differential complex (2*(M), d) is called the de Rham complex
of M. The cohomology of Q*(M) is called the de Rham cohomology of M, denoted
Hip(M). A k-form w with dw = 0 is a closed k-form. If w = dn for some (k—1)-form
n, we say that w is exact.

We sometimes suppress the subscript dR and we will write cohomology class of
w € kerd N Q*(M) by [w].

It is not always the case that we care about all differential forms in our space
but rather a subset of these. For example, we might interested in those forms with
compact support, in which case having a specific notion of the cohomology of these
is needed. For a differential form w, we define its support to be the set

suppw = cly({p € M : w(p) # 0}).

The exterior derivative of a form with compact support also has compact support so
we can make the following definition.
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Definition 4.13. The complex (Q:(M),d), where QF(M) is the space of k-forms on
a smooth manifold M with compact support and d is the exterior derivative restricted
to QE(M), is called the de Rham complex with compact support. The cohomology,
H: (M), of this complex is the de Rham cohomology with compact support (or the
compactly supported de Rham cohomology).

Let us compute the cohomology of some simple spaces and hopefully gain an
understanding of what these equivalence classes represent.

Example 4.14 (Cohomology of a singleton). Since a singleton {x} is a 0-dimensional
manifold, Q*({x}) = 0 for k > 0. The smooth functions on {*} are the constant maps
cp t x> k € R. Thus, Q°({x}) = R. Since the only exact form is the zero map, we
conclude that

R, k=0,

TR

If a manifold M is such that H*(M) = H*({x}), we say that M has trivial cohomol-
0gy.

Example 4.15. For a connected manifold M, we always have H'(M) = R. Indeed,
if f € QYM) is closed, then on a chart (U,z%), 0 = df = >.(0f/0z")dz". So
Of )0z =0 for all i and so f is constant on U. Now, on any nonempty intersection
of two coordinate neighbourhoods U and V', flu(p) = flv(p). Thus fly = flv and
so [ is constant on M. We conclude that Q°(M) = R and since the zero map is the
only exact form on M, we have the result for H°(M).

Example 4.16. If M is a connected, non-compact manifold of positive dimension,
then HX(M) = 0. This follows from the fact that the only compactly-supported con-
stant smooth function on M 1is the zero map.

This already allows us to build our intuition on what the zeroth cohomology
group, H°(M), means. If M is a manifold that is not necessarily connected, then
we only need to work on each connected component and pull the forms back to M
through the restriction map. We then find that

H(M) = P H(U,) = PR,

where {Uy}rer are the connected components of M. So the zeroth de Rham coho-
mology group counts the number of connected components in our space.

Example 4.17 (Cohomology of R). By the previous evample, H°(R) = R, and
H*R) =0 for k> 1. For k=1, if w= fdx, then

g(w)z/:f

is a 1-form with dg(x) = f(x)dz, so w is exact and hence H'(R) = 0. We conclude
that R has trivial cohomology. We will later show that this is in fact true for R*, a
result known as the Poincaré lemma.
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In the case of forms with compact support, we can consider integrating our forms.
If w € QLR), then w = h - dx, where h : R — R has compact support. We define

Jo: 2(R) = R by
o[

Let k be a real number and p : R — R be a smooth bump function with total integral
1. Then w = kpdx is a compactly-supported 1-form on R such that

/w:k‘/p:k.
R R

Thus, fR 15 surjective. If df is an exact 1-form with compact support, then suppf is
contained in the interior of some interval [a,b]. Hence,

/R af = f(v) - f(a) = 0.

Thus, the exact forms are in the kernel of the integration map. Now if w = fdx €
Q(R) is in the kernel of the integration map, then the function g : R — R given by

o) = [ 1

has compact support and dg = w. Thus, the kernel of the integration map s exactly
the subspace of exact 1-forms on R. By the first isomorphism theorem,

HI(R) = Q;(R)/ker/ _R

R

Therefore, H*(R) = 0 if k # 1, and H:(R) = R.

4.3. The Mayer-Vietoris Sequence

Suppose we would like to compute the cohomology of a space as simple S' using
what we have found so far. One might try and do this using the definition of de Rham
cohomology, but this, although doable, is not a simple task. We know however, that
S can be decomposed into the union of two open sets U,V that are diffeomorphic
to the real line and U NV is the disjoint union of two real lines. But we already
know how to compute the cohomology of U, V and U NV, since diffeomorphisms
induce isomorphisms of differential forms. So if we could relate the cohomology of
U,V and UNV to that of S*, then we could find H*(S?) right away. We will work
our way to achieving this. First, in the current section we will provide a general way
to compute the cohomology groups of a manifold in terms of two (and hence finitely
many) arbitrary open subsets, and later on work our way into “dismembering” some
of our manifolds into subsets that are diffeomorphic to Euclidean space.
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Suppose M = U UV where U and V are open subsets of M. Then the diagram
of inclusion maps

unv

U
M
induces the diagram of restriction maps

Q(UNV)

Jv
v
iy
Q- (U) (V)
(M)

where these two diagrams commute. This in turn gives us the sequence

0 —— (M) 2% oy e (v) XN orunv) —— 0.
Proposition 4.18. The sequence

1) 00— (M) % vy a0 (v) XL orunv) —— 0.
15 exact.
Proof. We write ¢* = ij; @1}, and 0* = ji, — Jj;7-
Exactness at Q*(M) follows from the injectivity of the map Q*(M) — Q*(U) &
QY (V): if w € Q*(M) is such that w|y(p) = 0 for all p € U and w|y(p) = 0 for all

p €V, thenas M = U UV, we have that w(p) =0 for all p € M.
We now prove exactness at Q*(U) @ Q*(V). Let w € Q¥(M). Then

6" 0i*(w) = 6(w|v, wlv) = wlvry — w|uny = 0.
Hence, imi* C ker §*. If (wy,ws) € ker §*, then wi|pny = wa|uny. From this, we can
define a global form w € Q*(M) by w = w; on U and w = wy on V. It follows that
i"w = (w|y,wly) = (w1, ws).

We conclude that the sequence is exact at Q*(U) & Q*(V).
We conclude with exactness at Q*(U NV). Let {py, pyv} be a partition of unity
subordinate to {U,V'}. Then for w € Q*(U NV),

6" (—pyw, pyw) = prwluny + prwluay = w.
This shows exactness at Q*(U NV). O

In the above proof, pyw denotes the map

_Jov(pw(p), peUNYV,
pvw(p)—{Q e UOGAY),
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Note that pyw is a smooth on U: since (UNV)U(UN(M\V))=U,so {UNV,UN
(M \'V)} is an open cover of U and pyw is smooth on each of those sets. Intuitively,
pv is a smooth function on V' that slowly vanishes as one leaves V| in particular, it
vanishes as one leaves U NV in the direction of U, so this ensure that pyw vanishes
smoothly as one leaves U N V.

By Proposition 4.11, the exact sequence (1) induces a long exact sequence in
cohomology, called the Mayer-Vietoris sequence:
(2)

. — H¥(M) — H*(U)® H¥(V) — HYUNV) - HY(M) — ...

where the maps are given by Proposition 4.11. Doing a diagram chase as in the proof
of Proposition 4.11, we find that connecting homomorphism d* is given by

S T
d[“’]‘{[d(pw)], on v,

where {py, pv} is a partition of unity subordinate to the open cover {U, V'}.

Example 4.19 (Cohomology of the circle). The circle has the open cover {Uy,Us}
where Uy and Usg are diffeomorphic to R and Uy NUg has two connected components,
each diffeomorphic to R. So H(Uy) = R = H%Us), H'(Uy N Us) = R? and
H¥(UyNUsg) = H*(Uy) = H*(Ug) = 0 for k > 0. Since St is a connected manifold,
we also know that H°(S') = R. So the Mayer-Vietoris sequence for St is

0 > R >y R? >y R? y HY(S') —— 0

By eractness, R? — H'(SY) is onto, and so

H'(SY) =R?/ ker(R? — H'(S")) = R?/im (R* — R?).
The map R — R? is injective, and so dim(im (R — R?)) = 1. Using ezactness again,
we find that dim(ker(R? — R?)) = 1. By the rank nullity theorem, dim(im (R? —
R?)) = dimR? — dim(ker(R? — R?)) = 1. Therefore, dim H'(S') =1 from which we
conclude that H'(S') = R.

We now wish to have a similar result for cohomology with compact support, but
the pullback of a form with compact support by a smooth map need not have compact
support, so we must change our strategy. Note that, if 7 : U — M is the inclusion
map of an open subset U of M, we can define j, : Q}(U) — Q%(M) to be the map
that extends a form on U by zero to a form on M. Then 2 is a covariant functor that
takes an open subset U of a manifold M to %(U) and inclusion maps j : U — M to

Je-
Let M = U UV. Then the diagram (4.3) gives rise to the commutative diagram

QUNv

W N
“(U)

)
(v )«
0 Q (V)

Q" (M)
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which then gives rise to the sequence

—([v)«80y,
—

0——— Q(UNV) Q (M) —— 0

Similar to Q¥(M), we have the following.

Proposition 4.20. The sequence above of forms with compact support (4.3) is exact.

So we have an induced long exact sequence in compactly supported cohomology:
(3)
. — HYUNV) — HYU)® HYV) — HYM) L H (UNV) — ...

This is called the Mayer-Vietoris sequence for compactly supported cohomology.

4.4. Remarks on Orientability and Integration

Let {(Ua, @)} be an atlas for a smooth manifold M. Then one has transition
functions ¢, o ¢§1 cps(UaNUp) = ¢o(UyNUg). This induces a map gop : Uy NUz —
GL(n,R) given by gas(p) = D(¢a © ¢§1)(p) (this is in GL(n,R) since ¢, o (;551 is a
diffeomorphism).

Definition 4.21. A manifold M is said to be orientable if there exists an atlas
{(Uay @a)} for M such that det(D(¢ao¢gl)(p)) > 0 for all a,. Such an atlas
is said to be oriented. If we fix such an oriented atlas for M, we say that M 1is
oriented.

A diffeomorphism f : M — N between manifolds is said to be orientation-
preserving if det (D(gba ofo wgl)) > 0 and orientation-reversing if we instead have

det(D(¢a o fowﬂ_l)) < 0, for any choice of charts (U,, ¢o) for N and (Vs, 1) of
M. So a manifold is orientable if there is an atlas whose transition functions are
orientation-preserving.

One can define this more generally for vector bundles. Recall that a cocycle
{gap} for a vector bundle is a collection of maps gas : Uy, N Us — GL(n,R), for any
trivializing open sets U,, Us for E (see Section 3.1).

Definition 4.22. Let 71 : E — M be a vector bundle of rank k over M and H a
subgroup of GL(k,K), where K =R if E is real and K = C is E is complex. We say
that the structure group of E can be reduced to H if there is a cocycle {gas} such that
Gop(p) € H for all o, B.

We say that m: E — M 1is orientable if the structure group of E can be reduced
to the special linear group, SL(k,K), the space of linear transformations with positive
determinant.

Since any vector bundle £ admits a Riemannian metric (see the discussion on
inner products at the end of Section 3.2), we can apply the Gram-Schmidt process on
the restriction of F to each trivializing open set to reduce the structure group to the
orthogonal group O(k) if E is real, and to the unitary group U(k) if E is complex. So
FE is orientable if its structure group can be reduced to the special orthogonal group
SO(k) if E is real and to SU(k) if E is complex.
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Proposition 4.23. A manifold M of dimension n is orientable if and only if there
is an n-form w such that w(p) # 0 for all p € M.

Proof. Consider two charts (U, ¢) = (U,z',...,2") and (V,¢) = (V,y',...,y") on
M. Then, on U, N Ug, 9/02" = 377, (0y’ /02")0 /0y’ by Theorem 3.7, so
9 ﬁ) o oy
oxt’ 7 gan) _, Ozt Oam

0 i)
Sy O
- Z(mgn o) 155 .(Z(m

=

UGSn

dyl/\~--/\dy”<

- Z 81gna - (‘)y%
€Sy 8IJ Y
Recall that 9y' /027 = D;j(y" o ¢~ ') = Dj(po ¢~ 1) (see Section 3.1). So this last line
is actually the Jacobian determinant of 1) o ¢~ 1.

If w is a nowhere vanishing form, then for charts (U, ¢) = (U, 2!, ..., 2"), (V,v¢) =
(Voyt, oo y™), w= fdx' Ao Ada™ = gdy' A+ Ady™ on UNV, where f: U — R
and g : V — R are non-vanishing functions. It follows that

f=w(@/ox',...,0/02") = fdx' N --- Nda"(0)0x',...,0/0x")
on U. If f(p) <0 for all p € U, then
0< —f=w(-0/0x",...,0/0x")
=g-dy' Ao ANdy"(0)0x',...,0/0x")
=g-det(D(ypog™")).

Since replacing z! by —z! then turns w into f-da' A---Adz™, where f is now positive
on U, we can assume both f and g are positive in the equality above, using the new
charts. Then det(D (1) o ¢~ 1)) > 0 giving the result.

Suppose M is orientable and let {(U,, ¢,)} be an atlas with D(¢, o qbgl)(p) >0
for all p € U,NUz and all a, 3. Consider the n-form n = dz' A---Adx™ on R™. From
the above,

(¢a0¢gl)*(dx1 Ao ANdx™) = f-dat Ao Ada”,

where f(p) = det (¢a o (bgl(p)) > 0 for all p € R". For each «, let w, be the n-form
on U, given by w, = ¢%(dx' A--- Adz™). Then w,(p) # 0 for all p € U, and on the
intersection U, N Up, ws = (f 0 ¢a)ws and f o ¢u(p) > 0 for all p € U, N Up.

Let {pa} be a partition of unity subordinate to {U,}. Define an n-form w on
M by w =" pawa. By the above discussion and the fact that parititions of unity
are non-negative with p,(p) > 0 for at least one «, we conclude that w is nowhere
vanishing. U

Definition 4.24. A nowhere vanishing n-form on an n-dimensional manifold is called
a volume form.



CHARACTERISTIC CLASSES AND DE RHAM COHOMOLOGY 37

Given two volume forms w; and wy on a connected, orientable manifold M, the
two must be related by wy = f - ws for some f: M — R with f(p) # 0 for all p € M.
We can define an equivalence relation on the volume forms on M by w; ~ ws if the
function f above is positive. This defines two equivalence classes on the volume forms
on M, called orientations on M. Fixing one of these defines an orientation on M (in
the old sense), denoted [M]. The other equivalence class is sometimes written —[M]
and called the opposite orientation to [M].

Definition 4.25. Let M be an oriented manifold with oriented atlas {(Uy, ¢o)}. Let
{pa} be a partition of unity subordinate to {U,}. For an n-form w in M with

supp (w) = cly({p € M : w(p) # 0})

compact, we define the integral of w by

fo=% [0 e

If {(Ua,da)} and {(V3,15)} are oriented atlases that define the same orienta-
tion on M, then for partitions of unity {p.}, {xs} subordinate to {U,} and {Us},
respectively, we have p,xsgw has support in U, N V3 and

/ anﬂw:/ PaXpW.
Ua Vs

From this, it follows that [ W is independent of the choice of oriented atlases for M
(as long as these define the same orientation). It is clear that [,, is linear.

Manifolds with Boundary

Let C C R™ be a curve parametrized by a smooth map ¢ : [0,1] — R"™. Then,
from multivariable calculus, we know that

/C O+ S e = f(e(1)) ~ f(e0)

for any smooth function f € C°>°(R™). We can think of {¢(0),¢(1)} as the “boundary”
of C but this of course is not the topological boundary, since the topological boundary
of C'in R™ is (' itself. We can consider a new notion of boundary that allows the
above to hold. If we write 0C for the boundary of C, then the equation above can

be written as
/ df = f.
c acC
We write H” for the set

H" = {(z',...,2") € R" : 2™ > 0},

and OH" = {(z',..., 2" 10) € R"}. Amap f:U — V, where U,V C H" are open,
is said to be smooth if there exists open subsets U, V' C R" with U Cc U’ and V C V'
and a smooth function f': U’ — V' with f'|y = f. If such an f is a homeomorphism
with f~! also smooth, we call f a diffeomorphism.
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Definition 4.26. A smooth manifold with boundary M of dimension n is a second
countable, Hausdorff space with a collection {(Uy, ¢u)}, where {Uy,} is an open cover
of M and ¢, : Uy, — ¢(U,) C H" is a homeomorphism such that ¢, o gbgl cos(Us N
Us) = ¢a(UaNUp) is a diffeomorphism for each o and 5. We call {(Uq, ¢o)} an atlas
for M, U, a coordinate neighbourhood, ¢, a coordinate map and (U, ¢o) a chart on
M. We let OM be the set of all p € M such that there exists a coordinate map ¢,
with ¢o(p) € OH", called the boundary of M.

One can show that M \ OM is a manifold of dimension n and OM is a manifold
of dimension n — 1 whenever OM # (). A manifold is a manifold with boundary, while
a manifold with boundary need not be a smooth manifold.

Example 4.27. The closed disk D" = {z € R" : (z')?+-- -+ (2™)? < 1} is a manifold
with boundary. Then OD™ = S™~1,

Definition 4.28. A closed manifold is a compact manifold without boundary.

All our discussion about manifolds can be translated into a discussion about
manifolds with boundary. In particular, an oriented manifold with boundary M of
dimension n has an orientation [M] induced by a nowhere vanishing n-form. If this
volume form is written locally as f - dx! A --- A dz™ for a nowhere vanishing smooth
function f: M — R, then we have an orientation on OM defined by the equivalence
class of (=1)"f - dz* A -+ Adz"' on OM. We denote this induced orientation by
[OM]. If [0H] is the orientation induced by the standard volume form on R", then for
any diffeomorphism ¢ : U — H" in the oriented atlas of M, ¢*[0H"] = [OM]|vnons-

We conclude this section by mentioning a very important theorem.

Theorem 4.29 (Stoke’s Theorem). Let M be an oriented smooth manifold with
boundary of dimension n. If w is an (n — 1)-form with compact support on M,

then
/dw:/ w,
M oM

where OM is given the induced orientation.
Proof. A proof of this can be found in Theorem 8.6 of [3] O

Corollary 4.30. If M is a closed n-manifold and w is an (n — 1)-form on M with
compact support, then
/ dw = 0.
M
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5. POINCARE LEMMAS

5.1. Poincaré Lemma for the de Rham cohomology

We can finally begin our computation of H*(R™). Let m : M x R — M be the
projection onto the first factor and s : M — M x R the zero section, s(p) = (p,0).
In Section 3.1 we showed that M embeds diffeomorphically into M x R through the
zero section. So it might be tempting to find a way to relate H*(M) and H*(M x R).
Moreover, since H*(R) is trivial, we would ideally hope that H*(M x R) is isomorphic
to H*(M). Since mos = idys, we have that the induced map s*or* = id in cohomology.
Unfortunately, finding amap s’ : M — M xR with s'om = id;«gr isn’t always possible.
But cohomology gives equality of closed forms up to some exact form. So we only
need to find a map s : M — M x R such that 7* o s* = id + dK at the level of forms,
for some map K : Q*(M) — Q* (M x R). In cohomology, we would then have that
7 os* =id and hence H*(M) = H*(M x R).

Definition 5.1. Let f, g : C* — D* be chain maps of differential complexes. A family
of linear maps {K, : C™ — D"\ :n € Z} is a chain homotopy if

fn —9n = dK, + Kn—l—ld-
In this case, we say that f and g are chain homotopic.

Our job is now to find a chain homotopy between 7* o s* and the identity, id, on
Q*(M). Let w € QF(M x R), (U,z',...,2") be a coordinate system on M and (R, )
the standard coordinate on R. Then every form on M X R can be uniquely given
locally by a linear combination of

(1) f(x,t)dx™ A--- Ada's,
(2) g(z,t)dt A dr A - A daie-1,

where, 1 <i; < --- <ip <nand f,g € C®(U x R). Since we want to define a new
form on M, we let K : QF(M x R) — QF1(M x R) such that K sends forms that
locally look like (1) to 0 and forms that look like (2) to

t
(/ g(x, u)du) dz" A -+ Ada'r
0

We claim that K is the desired chain homotopy. Indeed, if w is of the form (1), then

0
= (f(z,1) = f(2,0))dz™ A~ Ada™,

Since (7% 0 s*)w = (som)*w = f(z,0)dz™ A - - Adz' and d(Kw) = d(0) = 0, we
conclude that

K(dw) + dK(w) = w — 7" o s*(w).
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For forms of type (2),

d(Kw) = d((/otg(x,u)du) Az A A dxik_1>

g, t)dt Adx™ A -+ A da' =1

Z (/ (x u)du) dr? ANdxt A - A dl-ik717

while
_ —K(Z ag dtAdE Adt A A d:cik*)

n

- _Z </ 6_gj($au)dU)dxj/\dxil Ao Adrtr
j=1 \Jo 9T

Since s*w =0, 7* o s*(w) = 0 and thus
d(Kw)+ K(dw) =w =w+ 7" 0 5" (w).

The above shows that K is a chain homotopy between the identity id on Q*(M)
and 7* o s*. This proves the following:

Proposition 5.2. The map s* : H*(M x R) — H*(M) is an isomorphism with
inverse ™ : H*(M) — H*(M x R).

Corollary 5.3 (Poincaré Lemma).
HY(R") = {
Something particular to note from the proof of Proposition 5.2 is that the fact

that s is the zero section is really superfluous, we could have taken s to be the section
s(p) = (p,c) for any ¢ € R. This leads to the following,

R, k=0
0, k>0.

Corollary 5.4 (Homotopy Axiom for de Rham cohomology). Smoothly homotopic
maps induce the same map in cohomology.

Proof. If H is a homotopy between the maps f and g, then f = Hosyand g = Hosy,
where s; : M — M x R is given by s;(p) = (p,7). It follows that s§ = (7*)"! = s?
and so f* = g*. 0

Corollary 5.5. Two manifolds with the same homotopy type have the same de Rham
cohomology.

Corollary 5.6. A contractible manifold has trivial cohomology.
Corollary 5.7. If A is a deformation retract of M, then H*(A) = H*(M).

Up until now, it might seem that our big treatise on vector bundles in Section
3 was unnecessary since we’ve barely considered any of the (somewhat complicated)
constructions done, but this last result justifies it. In order to study the cohomology
of a manifold M, we can study vector bundles over it and obtain the same information
since M embeds into the bundle.



CHARACTERISTIC CLASSES AND DE RHAM COHOMOLOGY 41

Example 5.8 (Cohomology of Mobius Strip). We can decompose the Mobius strip M
into the union of the open sets found in Figure 2.2. Both Uy and Uy are diffeomorphic
to R? while Uy NUs is a manifold with two connected components, each diffeomorphic
to R%. Hence, H'(M) = H°(U;) = H°(U;) = R and H°(U; N Us) = R?. In degree
1, HY(Uy) = HY(Uy) = HY (U, NUy) = 0 and the same holds for degree 2. So the
Mayer-Vietoris sequence for M is

0 » R > R? > R? > H'(M) —— 0.

The same procedure as in Example 4.19 gives us that H'(M) = R. Thus, H'(M) =
R = HY(M) and H*(M) = 0 for k > 1. This could also be proven by noting that
the Mobius strip retracts to a circle along the centre. So H*(M) = H*(S') by the
homotopy azxiom.

Example 5.9 (Cohomology of the n-Sphere). We have already considered the case
n = 1. Consider for a moment the case n > 1. We can decompose the sphere into the
unton open sets Un and Ug found by stereographic projection. These are diffeomorphic
to R™ so they have trivial cohomology. The intersection Uy NUg is a cylinder around
the equator of S™, so this is homotopy equivalent to S™~*. We prove inductively that
HE(S™) =R if k= 0,n and H*(S") = 0 otherwise.

Forn =1 the result was already proven in Example 4.19. Now suppose the result

holds for n > 1. Then H°(S"™') =R since S is a connected manifold. Moreover,
the Mayer-Vietoris sequence tells us that

0 > R >y R? > R y HY(S™) —— 0

in degree 0 and 1, while in degree n,
0 —— H"(S") —— H"TY(S"T) —— 0.

The exactness of this last sequence tells us that R = H"(S") = H" (S, It
remains to show that H'(S™1) = 0. The map R — H(S™) is onto, by eractness,
so dimR — dimker(R — H'(S""!) =1 — dimim (R* — R). Now,

dimim (R? — R) = 2 — dimker(R* — R) = 2 — dimim (R — R?) =1,
since R — R? is injective. We conclude that dim H'(S™*') = 0 and so H'(S™™') = 0.

5.2. Poincaré Lemma for Compactly Supported Cohomology

One has an analogous result as the above for compactly supported forms. We
will only sketch the procedure as it is similar to the above. Compactly supported
forms on M x R come in linear combinations of the following two types:

(1) 76 f(a,1),
(2) ™o A f(a,t)dt,

where ¢ is a form on M and f : M x R — R is a smooth function with compact

support. Since compactly supported forms don’t necessarily pullback to forms with

compact support, we will have to modify our chain homotopy. Define 7, on the two

types of forms above by

m(m ) - f(x,1)) =0,
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and
(TS A flo,t)dt) = ¢ / F, t)dt
R

and extend this linearly.
If w is of the first type, then dm,w = 0, while

To(dw) = m((dm* @) - f (2, 1)) + mu(77 A df (2,1)) = m(7" ) N df (2, 1))

—¢/ fxtdt

Since f has compact support, f must be zero outside outside M x [a, b] so f(x,t1) =
0 = f(z,ty) for t1 < a < b < ty. So the integral above is just f(z,t2) — f(z,t1) =0
and so m,(dw) = 0.

Now suppose w is of the second type. Then

Mmm:deéf@ﬂﬁ>:(Af@ﬁﬁ)w+¢A<§;é§£@ﬁﬁ)m%

while

T (dw) = 7. ((dr*¢) A f(x,t)dt) + . (w*¢ A (Zi; %dﬂ A dt))

=do - (/Rf(x,t)dt) +Zn; (/R%(:c,t)dt>¢/\dxj.

Since m, is linear, m,d = dm,, that is, 7, is a chain map.

We have a map 7, : H*(M xR) — H}'(M) since 7, above is a chain map, so we
need to find a chain map Qf(M) — Q*1(M x R) and then find a chain homotopy for
the composition of the two maps. For this, let e be a 1-form in Q}(R) with [,e =1
(this is just a bump form on R). Let e, : Qi (M) — QT (M x R) be given by

ex(w) = (m"w) Ae.
Note that de,(w) = d(7*w) A e, while e,(dw) = 7*(dw) N e = d(m*w) A e, so de, = e,d
and so e, defines a map H (M) — H*™' (M x R). Since e integrates to 1, m,0e,(w) =

w. We produce a chain homotopy between e, o 7, and id on Q(M). We define
K:Q:(MxR)— Q1 (M xR) by

K(r*w- f(z,t)) =0
for forms of type (1),

K(r*w A (f(x, t)dt)) —w/ Fla,u)du — w (/fxtﬁ)(/ @mo

for forms of type (2), and then extend K linearly. As before, we can confirm that
this is the desired chain homotopy by computing dK — Kd on the forms of type (1)
and (2). This gives us:

Proposition 5.10. The map 7, : H*(M x R) — HY(M) is an isomorphism with
inverse e, : Hf (M) — H1(M).
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Corollary 5.11 (Poincaré Lemma for Compact Support).
R =

HEEY =5 PO

0, k#n.

5.3. Good Covers and the Mayer-Vietoris Argument

So far we have computed the cohomology of manifolds that have a good cover. For
example, the n-sphere has an open cover {Uy, Us} where Uy and Ug are diffeomorphic
to R™. Not all manifolds are this well-behaved. For example, R \ Z does not have a
finite open cover whose subsets are diffeomorphic to R™.

Definition 5.12. Let M be an n-manifold. An open cover {U,} of M is a good cover
if all nonempty intersections Uy, N --- N Uy, are diffeomorphic to R™. A manifold
which has a finite good cover is said to be of finite type.

Theorem 5.13. Every manifold M has a good cover. If M s compact, we can take
the cover to be finite.

Proof. The proof of this result requires a deeper treatise on Riemannian manifolds,
so we will omit this. One can work out the proof using Problem 9.32 of [3]. U

We say that a subset J of a directed set I is cofinal in [ if for every 7 in I there
is a j € J such that ¢ < j. We can consider the set of all covers of a manifold as a
directed set (where U < V if the cover V is a refinement of U). The above theorem
shows that the collection of good covers of a manifold M is cofinal in the set of all
covers of M.

Lemma 5.14 (The Mayer-Vietoris Argument). Let M be a manifold with a finite
good cover {Uy,...,Upn}. If P(U) is a statement about open sets of M, such that

(1) P(U) is true for all open sets diffeomorphic to R™, and
(2) if P(U), P(V) and P(UNV) are true, then P(UUV') is true,
then P(M) is true.

Proof. We proceed by induction on m. If m = 1, then P(M) = P(U,) is true by (1).
Suppose now that the result holds for m > 1 and let {Uy, ..., U,,+1} be a good cover
for M satisfying the assumptions. The intersection (U3 U---UU,,) NU,,+1 has a good
cover U = {U1 NUps1,- -, Upn NUpi1} of m open sets. By the induction hypothesis,
one can show by induction that P(U;U---UU,,) is true, and by (1), P(U,,41) is true.
We also have

P((Ul U---u Um) N Um-‘rl) = P((Ul N Um-i—l) U---u (Um N Um-i-l))a

which is true by inductively applying (1) and (2). Then P(Uy U---UU,41) = P(M)
1s true. U

Proposition 5.15. If the manifold M has a finite good cover, then its cohomology
is finite dimensional. Similarly, if M has a finite good cover, then H¥(M) is finite
dimensional for all k.
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Proof. We only prove the second part of the proposition. From the Mayer-Vietoris
sequence

. —— HYU)® HFY(V) —— HYUUV) —& H'UNV) — ...

we conclude that if H*(U), HE(V) and H*Y(U N V) are finite dimensional, then so
is HF(U U V) since HF(U U V) 2 kerd, ® imd, = imr ¢ im d,.

Let M be a manifold with finite good cover {Ui,...,U,}. By definition of a
good cover, H¥(U;) and HY(U;, N ---NU;;) is finite dimensional for all 4,4y, ...,i; =
1,...,m. So condition (1) of the Mayer-Vietoris argument holds. By the previous
paragraph, condition (2) of the Mayer-Vietoris argument also holds and so M has
finite dimensional cohomology.

The proof for the non-compact case is the analogous. 0

5.4. Kiinnet Formula and the Leray-Hirsch Theorem

Recall from Section 2 that a lot of the constructions one can perform on vector
spaces can also be performed on vector bundles. In Example 3.26, we considered
the vector bundle over RP"™ whose fibres over [ € RP™ are the points in [ and then
discussed the projectivization operation on a vector space. We will transfer this to
vector bundles.

Let m : E — M be a complex vector bundle of rank k with transition functions
Gap : Ua NUg — GL(k, C). The projectivization of E is then the manifold

P(E) = | P(E,)

peM

with the topology of the quotient of E'\ sq(M) modulo ~, where v; ~ vs if and only if
vy = Avg for some A # 0 and s : M — FE is the zero section. We then have a natural
map P(w) : P(E) — M which sends each line in P(E,) to p, i.e. (P(m)) ' (p) =
P(E,), and if U C M is a trivializing open subset of E, then 7= 1(U) = U x CF and
so (P(m)) " (U) = U x CP* 1.

This new space P(E) behaves similarly to vector bundles, but the fibres are not
vector spaces, instead they are other manifolds. This leads to a new type of bundle
over manifolds.

Definition 5.16. Let F' be a smooth manifold. An onto smooth map 7 : E — M is
a fibre bundle with fibre F if M has an open cover {U,}, called a trivializing open
cover, such that there are diffeomorphisms ¢o : 71 (Us) — Uy X F with ¢olr—1()
7 Yp) = {p} X F. We call E the total space, M the base space, 7' (p) = E, the
fibre at p, and the maps ¢, trivializations.

Theorem 5.17 (Kiinneth Formula). Let M be a manifold of finite type and F' another
manifold. Then
H*(M x F)= H* (M) ® H*(F).

Proof. This proof is taken from Section 1.5 of [4]. We have two projection maps my; :
MxF — M and g : M xF — F. We claim that f : H* (M) H*(F) — H*(M x F),
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flw®n) =mywAm5n, is an isomorphism. If we define f by the formula above at
the level of forms, then for w and 7 two closed forms,

df (w®@n) = 7*(dw) AT + (—1)8“r5w A T(dn) = 0.
So f maps closed forms to closed forms. We also see that
flw+dd )@ (n+dn)) = mywAmpn+d(mhw Amin+ myw ATen + mhw Amp(dn'))
for w a closed k-form on M, «' a (k — 1)-form on M, n a closed [-form on F and 7/
an (I — 1)-form on F. Hence, f defines a map in cohomology as originally defined.
We prove the result using the Mayer-Vietoris argument. If M is diffeomorphic to

R™, then the result is just the Poincaré lemma.
We can obtain the commutative diagram

@, H(UUV)® H*?(F) ! y H*(U UVV) x F)

|

Dho ((HP (W) © HEP(F) @ (HY(V) @ HE2(F))) —os HE(U x F) & HY(V x F)

l !

@, H(UNV)® H*7(F) d s HE(UNV) x F)

| !

where each column is exact (recall that tensoring an exact sequence of vector spaces
with a vector space preserves exactness). If {U,V} is a good cover, then the five-
lemma implies that the result holds for U U V. By the Mayer-Vietoris argument, the
result holds for any manifold of finite type. O

This theorem is particularly useful for dealing with differential forms on product
manifolds. But the bundle M x F — M is a trivial bundle, so it is more fruitful to
consider a generalization of this theorem.

Theorem 5.18 (Leray-Hirsch Theorem). Let w : E — M be a fibre bundle over M
with fibre F', where M 1is of finite type. If there are global cohomology classes ey, ..., e,
on E which freely generate H*(F') when restricted to F, then H*(E) is a free module
over H*(M) with basis {ey,... e, }.

Proof. Consider the map f: H*(M) ® R{ey,...,e,} — H*(F) given by f(w ®e;) =
m*w A e; and extend this linearly. The same argument as the Kiinneth formula proves
the result. ]
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6. CHARACTERISTIC CLASSES
6.1. Poincaré Duality

On Q*(M), we have a product A with w An € Q¥(M) whenever w € QF(M)
and € QY(M). We would of course hope that we can also find such a product at the
cohomology level. Indeed, since d(w A n) = (dw) An+ (=1)kw A dn, if w and n are
closed, then d(w A n) = 0. So the exterior product descends to cohomology. That is,
we have a map —: H*(M) x H'(M) — H*'(M) given by

(W], [n]) = [w] — ] = w A .
Similarly, we can define a product —: H*(M) x H (M) — H¥*'(M) by the same
formula as above. This last product is quite useful, since it allows us to find a form
of degree n = dim M with compact support, [w A 5] = [w] — [n], where [w] € H*(M)
and [n] € HP*(M). If M is oriented we can integrate such a form, and by Stokes’s
theorem,

/J\/l(w+dw’)/\(n~l—dn’):/Mw/\n—l—/M(w/\dn’+(dw’)/\77+(dw’)/\(dn’))

_/ w/\n—i—/ d(-D)*w Ay +w' An+w Ady')
M M

:/ wAm.
M

The second line follows since w and 7 are closed. This shows that [,, induces a map
S v - H"(M) — R in cohomology. This in turn defines a bilinear map in cohomology
[y HS(M) x HI (M) — R given by

() [ o
Finally, we have a linear map P : H*(M) — H"*(M)* given by
P (i) = [ (] = )
where [w] € H*(M) and [n] € H?*(M).

Suppose M = U UV for open sets U and V, each of which is diffeomorphic to
R™. The above gives us a commutative diagram

. —— HYUUV) —— H¥U)® H*(V) —— H*UNV) —X— ...

| 5 lP

s HYRUUV) —— H@FU) @ H R (V) —— H (U NV —2s .

up to a factor of £1. By Lemma 4.10 (the Five Lemma), if we show that P is
an isomorphism on H*(U), H*(V) and H*(U NV), then P is an isomorphism on
H*(U UV). But that P is an isomorphism on U, V and U NV follows right away
from the Poincaré lemmas, since

R, k= R, k=
H’f(R”):{ k=0,  k=n,

0, k#n.

d HFRM) =
0, k+£0, ™ - (R") {
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So P: HY(UUV) — HM*U UV)* is an isomorphism.

Theorem 6.1 (Poincaré Duality Theorem). Let M be a connected, oriented n-
dimensional manifold of finite type. Then P : H*(M) — H*(M)* is an isomor-
phism.

Proof. Let {Uy,...,U,} be a finite good cover. It’s clear that this cover satisfies the
hypothesis of the Mayer-Vietoris argument for the statement “H*(U) is isomorphic
to H» *(U)*”. Hence the result holds. O

Corollary 6.2. If M is a connected and oriented n-manifold, then H*(M) = R. If
M s also compact, then H"(M) = R.

It is a well-known fact that one doesn’t need M to be of finite type, but a caveat
in losing this assumption is that H*(M) and H"*(M) will not necessarily have
the same dimension when M is connected, since these space might now be infinite
dimensional.

Corollary 6.3. If M is connected, oriented and of finite type, then dim H*(M) =
dim H"*(M).

Definition 6.4. The Euler characteristic of a smooth, n-dimensional manifold M,

15 the integer

X(M) = "(~1)"dim H'(M).
i=0
Corollary 6.5. If M is a compact, orientable n-dimensional manifold, where n is
odd, then x(M) = 0.

From the above, we can see that the odd-dimensional spheres have zero Euler
characteristic, same for the Mobius strip. The Euler characteristic is strongly related
to the existence of nowhere vanishing vector fields on M.

We conclude this section by briefly relating H*(E) and H¥(M), where 7 : E — M
is a vector bundle of rank k. If £ and M are orientable manifolds of finite type, the
Poincaré duality gives H}(E) = (H"™**(E))*. As E and M are homotopy equivalent,
(H"F=(E))* = (H"™"*(M))* = H* *(M). Hence, H*(E) = H* *(M). Here we
assumed that both EF and M are orientable, but it is a fact that if M is orientable
and 7 : E — M is an orientable vector bundle, then E is an orientable manifold.

Lemma 6.6. Let m1 : E — M be an orientable vector bundle of rank k and M a
smooth, orientable n-manifold. Then E is an orientable manifold.

Proof. Let {(Us, ¢a)}aca be an oriented atlas on M and {(Vs,9s)}sep a trivializing
open cover for E which takes values in SL(n,K) (K = R or K = C). Since the
trivializations are ¢ : m1(V3) — V3 x R¥, we can define a new atlas

{(Ua N Vﬁ? ((ba X 1dR’“> o ¢B>}a€A,B€B
for ££. Then

((¢a x idge) 0 95) © ((¢or X idar) © (¥5)) " = (¢a X idgr) 0 (5 0 P51) 0 (Pt X idge).
Orientability of E is now clear. O
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Proposition 6.7. Let 7 : E — M be an oriented vector bundle over and orientable
manifold M. Then H*(E) = (H!7*(M))*.

One might hope the Lemma 6.6 could be improved in a way that every vector
bundle over an orientable manifold is also orientable, but this is not necessarily the
case. For example, one might consider the Mobius strip a line bundle over the circle,
and since the Mobius strip is a non-orientable manifold, it cannot be orientable as
a vector bundle by Lemma 6.6. However, it is possible to get rid of the assumption
that M is orientable in Propositon 6.7.

6.2. The Thom Class, the Euler Class and General Classes

We now aim to find cohomology classes that describe different geometric aspects
of a compact, oriented manifold M. As hinted before, the Euler characteristic is
strongly related to the existence of nowhere vanishing vector fields on orientable
manifolds. This relation comes from a certain cohomology class, called the Euler
class. Similarly, there are many more of these which one can study to understand
better the topological and geometric aspects of a manifold.

Let 7 : E — M be an orientable vector bundle of rank k over M of finite type
with dimension n. By Lemma 6.6, E is also orientable. Fix an orientation for F.
Using Corollary 6.2, there exists unique elements py € H*(M), pp € H¥*(E) such
that, if ny € QU(M), np € QP *(E) are representatives of pyr and pup respectively,

then
/UM—l—/UE-
M E

Note that any representative of j5; and pg is a volume form on M and E respectively.
The manifold F is also of finite type by taking the cover {w~!(U;)} where {U;} is a
good cover of M, we have two orientable manifolds £ and M of finite type. By the
Poincaré duality, there exists a unique class 7(E) € H¥(E), called the Thom class
of the vector bundle E, such that 7*uy; — 7(E) = pgp. The Thom class lives in the
cohomology ring of the total space E, but our interest lies in the cohomology of the
base space hence, it is natural to define a new class e(E) € H*¥(M), called the Euler
class of the vector bundle E, by e(E) = s*7(FE), where s : M — FE is a section. Note
that, if s’ is another section, then F' : M xR — F given by F(p,t) = ts(p)+(1—t)s'(p)
is a homotopy between s and s, so s*7(F) = e(F) = (s')*7(F) is well-defined by the
homotopy property of cohomology.

Proposition 6.8. If E denotes the manifold E with the reverse orientation, then
e(E) = —e(F).

Proof. From the definition of the Euler class, e(E) = s*(7(E)). Then

Ty — T(E) = —pup = 1 uy — (—7(E)).
Hence 7(E) = —7(F) and the result follows. O

We have defined two cohomology classes using topological and geometric objects
on manifolds, namely sections and orientations, but this does not provide an intuition
of what these classes really represent. This is what we shall do next. Repeating what
we just said in the last paragraph, our main focus is on the cohomology of the base
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space of a vector bundle, so we will mainly worry about the Euler class in this section
and reference the reader to different sources for results on the Thom class whenever
we use these.

As mentioned at the beginning of this section, the Euler class is strongly related
to the existence of nowhere vanishing vector fields on manifolds. In fact, the Euler
class obstructs the existence of these, in the sense that there is no nowhere vanishing
vector field on M whenever e(T'M) # 0.

Proposition 6.9. If there is a nowhere vanishing section s : M — E of an oriented
vector bundle m : E — M over a connected and oriented manifold M, then e(E) = 0.

Proof. Fix a metric g on E. Since s(p) is never zero, |s(p)| > 0 for all p € M where
|v| is the norm of v € T'M induced by g. Let w € Q" (E) be a representative of
the Thom class of E. If suppw N s(M) = ), then s*w = 0 and hence, in cohomology,
e(F) = [s*w] = 0. Otherwise, as w has compact support, K; = min{|s(p)| : p € M}
and Ky = max{|s(p)| : p € suppw} exist and are positive. Let K > Ky/K; > 0 and
define a new section s’ = K -s. This new section is nowhere vanishing and for any
peM,
/ K2
s'(p)| = |K - s(p)| = K - Ky >E'K1=K2-

This shows that suppw N s'(M) = 0 and thus e(E) = 0. O

Corollary 6.10. The Fuler class of a trivial bundle is zero.

If we can find a relation between the Euler class of the tangent bundle, e(T'M),
and the Euler characteristic of M, x(M), then we can combine Proposition 6.9 and
Corollary 6.5 to have a general statement about compact, connected, orientable man-
ifolds of odd dimension. Such a relation between e(T'M) and x (M) exists.

Theorem 6.11 (Poincaré-Hopf Theorem). For a compact, connected and oriented
manifold M, e(TM) = x(M) - uy, where pyy is the cohomology class of a form of
degree n = dim M with total integral 1.

We will not prove Theorem 6.11 as it requires much heavier machinery, but various
proofs can be found in [3] and [4]. From this theorem,

| eran =xn),

M

Corollary 6.12. The FEuler class of a compact, connected, odd-dimensional, ori-
entable manifold is zero.

Corollary 6.13. There is no nowhere vanishing vector fields on even dimensional
spheres.

Proof. Recall from Example 5.9 that H*(S") = R if k = 0,n and H*(S") = 0
otherwise. Then

x(S*") = dim H°(S*") + (—1)*"dim H**(5*") = 2.

/M e(TS*™) =2

from which it follows that e(T'S*") # 0 and Proposition 6.9 gives us the result. O

So
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We now proceed to prove a few main properties of the Euler class. Recall that a
map f: M — N is proper if f~}(K) is compact for every compact set K C N.

Definition 6.14. Let f : M — N be a smooth, proper map between the connected
and oriented n-dimensional manifolds M and N. The degree of f is the real number

deg f such that
| ro=@es [ o
M N

The assumption that f is proper is needed in our definition, as it guarantees that
the pullback of a form with compact support also has compact support. Note that
the degree of f is well-defined since the map f given by

where w € QI (N).

R Y gy L gy L R

is linear, so f(z) = ¢- z. It follows that

Jyre=i(fe) = fe

Moreover, by the homotopy property of cohomology, two homotopic maps between
compact, connected and oriented manifolds will have the same degree. We will not
delve into the theory of degrees of maps, but we will need the following result to
prove our next theorem. Recall that an orientation-preserving map f: M — N is a
diffeomorphism with det f,, > 0 for all p € M.

Lemma 6.15. An orientation-preserving map f : M — N between connected, ori-
ented manifolds has positive degree.

Proof. Suppose T' : U — V is a diffeomorphism of open subsets of R"™ and let

2, o 2" and ¢t = Tzt ..., y" = T*2" be coordinates on R™. Then

T(dz"' A---Nda") =d(z' o T)A---ANd(z" o T) = J(T)dy' A--- A dy™,
where J(T) is the Jacobian matrix of T' (see the proof of Proposition 4.23 for refer-

ence). Since T is orientation-preserving, J(7') > 0. Any n-form w on V' is of the form
fdz' Ao Nda™, f € C®(V), so that

/UT*w:/U(foT)J(T)dyl/\--J\dy":/U(foT)J(T).

Using the change of variable formula,

Jgemam= [ gemiy= [ gy = [ r= [

Comparing these equalities, we obtain that degT = 1.

Generally, [ 1 J 7w is defined as the integral between open subsets of R™ by using
partitions of unity p,, pulling back p,f*w through coordinate maps and summing
over a. So using the fact that f is a diffeomorphism and the above, we can conclude
that [ o J 7w will be a sum of the partitions of unity multiplied by / W, giving the
result. OJ

In particular, an orientation preserving map pullbacks iy to .
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Lemma 6.16. Let m : E — M be an oriented vector of rank k over a compact,
connected, oriented manifold. Let pp be the orientation of E and j, : E, — E the
inclusion map. The Thom class T(E) € H¥(E) is the unique element in HX(E) such

that jx7(E) = pig,-

Proof. See Theorem 11.26 in [3]. O
Lemma 6.17 (Thom Class is Natural). Let 7 : E— M and p: F' — N be oriented
vector bundles of rank k, over oriented, compact and connected manifolds M and

N. Suppose that (f f) is a bundle map, f:E — F, [+ M — N, such that
f|Ep E, — Fy) is orientation-preserving. Then T(E) = f*(r(F)).

Proof. Write ¢, : £, — E and j, : F, — F the natural inclusions, p € M, ¢ € N.
Note that, if v € E,, then f(i,(v)) = f(v) = jo(f(ip(v))). So for any v € E,,

f Olp = JpO f o1i,. We write p, for the orientation of F, and v, for the orientation of
F, and fp f |p,. Using Lemma 6.16 and the fact that f* is orientation-preserving,

i (FH(r(F)) = (f o 1) (r(F))

= (jpo f o) (7(F))

= (foip)"jy(r(F))

= (fp © 1p) Vs (p)

=iy (f; (V)

= Z;Np

= Hp-
Since p was arbitrary, z;(f* (7(F))) = pp for all p and so f*(7(F)) = 7(F) by Lemma
6.16. O
Theorem 6.18 (Euler Class is Natural). Let the setting be as in Lemma 6.17. Then
f(e(F)) =e(E). In particular, f*(e(E)) = e(f*E).

Proof. Let s); : M — E and sy : N — F be the zero sections of the respective
bundles. Then f osy: M — F and sy o f: M — F are two homotopic maps (since

H(z,t) =t f(sp(z)) + (1 —t) - sy(f(z)) is a smooth map) and so define the same
pullback in cohomology. We conclude that

fr(e(F)) = [ (syT(F)) = (sw o f)'T(F)
= (f o sm)"7(F)
= 3 f*7(F)
= syT(E)
= e(E)
as desired. 0

Let m : B4y — M, and 7y : Ey — M,, we can form a new vector bundle F; x Fs
over My x Ms, whose fibres are (E1 X ) pq) = (E1)p@®(E2)q. If Ey and E5 are oriented
bundles, then F; x E, also obtains an orientation. Note that, if M; = M = M, then
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E, @ E; is equivalent to A*(E; x Fy), where A : M — M x M is the diagonal map
A(p) = (p,p)-

Theorem 6.19 (Whitney Sum Formula). Let m : Ey — M, m @ Ey — My be
oriented vector bundles of rank ki and ko, respectively, over an orientable, connected,
n-manifold M. Then

€(E1 X EQ) = 6<E1> X B(EQ)
and if My = M = M, then
B(El D EQ) = €(E1) ~ 6(E2).

Proof. Let p; : E1 X Es — E; be the projection maps. Then, since the orientation on
each fibre of £ X Fs is given by concatenation of the oriented basis in the fibres of E;
and FEj, we have that v, = v, X 1, where v, is the orientation form on (B X Es),.
From this,

Vipg) = Vp X Vg = j;T(El) X j:;T(EQ) = jgp,q)(T(El) X 7(Es)).
So 7(Ey x Ey) = 7(Fy) X 7(Ey). It follows that
e(Ey X Ep) = s5(7(E1) X 7(E»)) = s1(7(En)) x s3(7(E2)) = e(E1) X e(Ey),

where so : My x My — Ey X Es, s1: M7 — Eq and sy : My — E, are the zero sections.
Since the diagonal map A : M — M x M is a bundle equivalence,

e(E1 ® Ey) = A%e(Ey x Ey) = A*(e(Ey) X e(Ey)) = e(Er) — e(Es).
U

Example 6.20 (Euler Characteristic of Product of Spheres). Consider M = S™ x
oo x 8" (k-fold product) and m; : M — S™ the projection onto the ith factor. Then
TM =miTS"®---®mTS". By the Whitney sum formula,

e(TM) =e(miTS") — -+ — e(mTS") =mie(TS™) — --- — me(TS").
Then

V(M) = / rie(TS™) — - — mie(TS™)
S x ST

:/ne(TS”)---/n e(TS™)
- (/ e(TS"))k.

If n is odd, then [, e(T'S™) = x(T'S™) = 0 so x(M) = 0. On the other hand, if n
is even, [q,e(TS") =2 so x(M) = 2*. In particular, the Euler characteristic of the
k-torus, ST x --- x St (k-fold product) is zero (this could have also be deduced from
Corollary 6.11).

Remark 6.21. Let 7 : E — M be a vector bundle of rank 2 with cocycle {gap}. One
can show that, on the trivializing open set Uy, the Euler class can be described as

o(B) =~ " d(p,dlog(0,0)
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(see Equation 6.38 in [4]). From this, one can conclude that e(Ey®@Es) = e(E))+e(Ey)
for a bundle Fy ® Ey which has rank 2.

With these properties, we can state the general definition of a characteristic class.

Definition 6.22. A characteristic class ¢ of vector bundles is an assignment of a
vector bundle E— M to a cohomology class c(E) € H*(M) which is natural, in the
sense that, if f: N — M is a smooth map, then f*c(E) = c¢(f*E).

Using categorical language, a characteristic class is a natural transformation from
the functor Vect(—) to the cohomology functor H*, regarded as a functor to Set. The
functor Vect(—) takes a manifold M and outputs the equivalence classes Vect(M)
of vector bundles over M, and if f : N — M is a smooth map, then Vect(f) :
Vect(M) — Vect(NV) is the pullback. Note that in the definition above there is no
particular mention of differential forms or de Rham cohomology (other than the fact
that H* is a functor), and that’s because the definition above is valid for general
cohomology theory, where H* is a functor that satisfies a set of axioms, called the
Eilenberg-Steenrod axioms for cohomology. There are many different approaches
to cohomology, and hence to characteristic classes, but an important theorem in
algebraic topology, the de Rham theorem, states that many of these coincide on
smooth manifolds.

Something to note is that the Euler class is a characteristic class in the sense
above only if f*FE is given the induced orientation. This is what makes the Euler
class special: it detects the orientation of a bundle. We will later construct more
characteristic classes that detect other properties of our manifolds and use these to
obtain more information on its geometric and topological properties, but before that,
we must return to cohomology theory.

6.3. Chern Classes

The Euler class gives a way to analyze oriented manifolds with oriented real
vector bundles using cohomology classes. We now turn our eyes to complex vector
bundles and find cohomology classes that allows us to look at the structure of the
underlying base space.

Note that, since C \ {0} is path-connected, the group of invertible matrices
GL(k,C) is also path-connected (write A € GL(k,C) in its upper triangular form
and connect the complex numbers in the main diagonal, which are all nonzero since
A is invertible, to 1 through a path going around the unit circle). From this, if
m: ' — M is a complex vector bundle, we can connect a transition function g,z to
one whose determinant is a positive real number, and so the underlying real vector
bundle Ep is orientable.

Consider a complex vector bundle 7 : E — M of rank k. We can consider a
new space Fyg = FE \ so(M), where sqg : M — F is the zero section. The restriction
o = T|g, : By — M is a smooth surjective map. We can build a new bundle £ — Ej
where the fibre over v, € E, \ so(p) is the quotient E,/span(v). The new bundle £’
now has rank k£ — 1. In [5], it is shown that we obtain an exact sequence

Ue(E)

s HTR(M) HI(M) —" s Hi(Ey) —— H™ (M) —— ...
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called the Gysin sequence of the bundle Ey — M, such that H""?*(M) = 0 =
H=2RF1 (M) for i < 2k — 1. Tt follows that 7 : HY (M) — H(Ep) is an isomorphism.
We use this to construct our next characteristic class.

Definition 6.23. Let 7 : E — M be a complex vector bundle of rank k. The Chern
classes of m: E — M are defined inductively by

(m5) " eiEo), i <k,
CZ(E) = e(ER), 1= k,
0, 1> k.

The sum
(BE)=14+c(E)+ - +c(E) e H (M)
is called the total Chern class of the bundle.

The Chern classes satisfy the following properties (see [5]):

(1) (Naturality) If m; : By — M; and 7 : Ey — My a complex vector bundle and
(f, f) is a bundle map f : By — Ey, f: My — M, then ¢;(Fsy) = f*ci(El).
In particular, f*c(Ey) = c(f*E).

(2) (Whitney Sum Formula) If £y — M and Ey — M are vector bundles, then
C(El D EQ) = C(El) ~ C(Eg),

(3) if E — M is a line bundle, then ¢(F) = 1 + e(ER), where e(ER) is the Euler
class of Ep.

These properties uniquely define the Chern classes of a complex vector bundle.

Remark 6.24. The properties above imply that the Chern classes of a trivial bundle
vanish and that c(E ®T) = ¢(E) when T is a trivial bundle. These properties can be
proven from the definition of the Chern classes by induction, since the Euler class of
a trivial bundle vanish and then an induction argument gives the result. This result
1s in fact needed to prove the Whitney sum formula from our definition, but there are
other approaches that don’t require it (see [10] for example).

Let us go back to the projectivization of a vector bundle in order to find more
properties of the Chern classes. Consider a complex vector bundle 7 : £ — M of rank
k and let P(E) be its projectivization. Just as for vector spaces, we can find universal
bundles over P(E) as follows. We denote the elements of P(E) by [, € P(E,). Since
7 : P(E) — M is a smooth map of manifolds, and p: E — M is a vector bundle, we
have a pullback bundle 7*E over P(E). Note that 7*E|pg), = P(E), x E,. We can
define the subbundle of 7*FE whose total space is

S={(,,v) e E v el,},

called the universal subbundle over P(E). Finally, we also have the quotient ) =
T E/S.
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All of this discussion can be sumarized by the diagram

0 > 0

\l/
\l

where the top row is exact. The fiber at [, in S is {l,} x span(v), where v € [,.
So the fiber at [, in Q is E,/l, and hence @) has rank k — 1, and similarly to vector
spaces, 7°F = S @ ). We can then obtain the projectivization p : P(Q) — P(E)
and consider the pullback 5*Q = S’ & @', where S’ is the universal subbundle of 5*Q
and Q' = f*Q/S’. Note that @' has rank k — 2 and S’ is a line bundle. It follows
that S*(S @ Q) = *(S) ® f*(Q) =SB S ® Q and f*S = S. We can repeat this
procedure inductively by then taking the projectivization of P((Q) and so on to have
the sequence

T mE =5 &0 (T E) = S1 @ 52 @ Q2 S1D - D Sp—1 D Qr—1
M «=— P(E) « ik P(Q) «—=2—— = P(Qr2)
where each S;, @ = 1,...,k — 1, and QQ;_; are line bundles. Moreover, if we define

o;=mio---om,i=1,...,k, then
o E=5®S® @S 1D Qi1

We have found a manifold F(F) = P(Qg—_2) such that the pullback o} E is the
direct sum of line bundles. One can further show that o} : H*(M) — H*(P(Q;-1)),
Qo = E, is an injective map (see [5] or [4]). A space F'(E) with a map oy, : F(E) —» M
like the above is called a split manifold of £. By naturality of the Chern classes and
the existence of split manifolds, we can conclude the following:

Proposition 6.25 (Splitting Principle). If a polynomial identity of the Chern classes
holds under the assumption that the vector bundle is a direct sum of line bundles, then
it holds for all vector bundles.

Proposition 6.26. Let 7 : E — M be a complex vector bundle of rank k and let E*
be its dual bundle. Then c;(E*) = (=1)'¢;(E).

Proof. If E is a line bundle, then £® E* = Hom(F, E) which has a non-trivial section
by mapping p to the identity map. Then e(E ® E*) = 0. But £ ® E* is a complex
vector bundle of rank 1, so its realification is a real vector bundle of rank 2 and so
e((E® E*)r) = e(ER) + e(Eg). Hence ¢i(E*) = e(ER) = —e(Er) = —a1(E).

By the splitting principle, it suffices to consider the case where F is a direct sum
of line bundles ¥ = L, @ --- @& L. Using the properties of the Chern classes:

A(E) =c(Ly) = - c(Ly) = (T4 c1(Ln)) = - = (1 +ca(L)),
c(EY) = c(Ly) — -+ = ce(Ly) = (L= er(Ly)) = -+ = (1= ca (L))
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Expanding the product and comparing to
cB)=14c(F)+ -+ c(E)
gives the result. O

Corollary 6.27. If 7 : E — M is a complex vector bundle of odd rank, then E and
E* are not isomorphic.

Proof. 1f they were isomorphic, by naturality of the Chern class, cx1(E*) = ¢p1(E),
but by Proposition 6.26, cx1(E*) = —cpy1(E). O

We use these result to compute the Chern class of CP".
Lemma 6.28. Let S — CP™ be the canonical subbundle of CP™ x C"™! given by
S={({,v)eCP"xC"" :vel}

and @Q = (CP™ x C"*1)/S. Then TCP™ = Hom(S, Q).

Proof. Recall that CP" is the quotient of S***! modulo the relation z ~ —xz. At
the tangent space level, looking at 7,5*"*! and T_,5%""! as subspaces of TC"*!
the quotient identifies (p,v) € T,5%"*! with (—p, —v), where (p,v) = 0. So a line
[ = span(p) € CP™ determines a map S — Q by a-p — av+ C"*!/[ (since v is in the
orthogonal complement of [, this is nonzero if and only if a is nonzero). Conversely,

such a map determines an element in T;CP" so we have the isomorphism T;CP™ =
Hom (I, C"*™ /1). Moving [ around the sphere, we find that TCP™ = Hom(S, Q). O

Lemma 6.29. Let S — CP™ be as above and let T — CP™ be a trivial line bundle.
Then TCP"®T =S*@--- @& S* ((n+ 1)-fold sum).

Proof. Since T is trivial, we have the equivalence T" = Hom(S, S), since the right
hand side is also trivial. It follows that TCP" & T" = Hom(S, @) @ Hom(S, S) =
Hom(S, Q& S). Now Q@ S is a trivial bundle of rank n+ 1 (the isomorphism is given
by the map (I,w,v) — (I,v + w), where [ € CP", v € [ and w € [*). There is then
an isomorphism Q ® S =T@® ---®T ((k + 1)-fold sum). We conclude that

TCP"® T =Hom(S,T®---&T)
= Hom(S,T) ® - - - © Hom(S,T')
=25"e--- 0S5,
as desired. 0
Proposition 6.30. The total Chern class of TCP™ — CP" is (1 + ¢1(S*))"!.
Proof. Using the Whitney sum formula and the previous lemma:
c(TCP"™) = ¢(S*) — -+ —¢(57)
=1 +a(S) == (1+a(5)
= (1+ ea(87).



CHARACTERISTIC CLASSES AND DE RHAM COHOMOLOGY 57

After this last computation, given a vector bundle £ — M, it’s not hard to see
that the cohomology classes x = ¢;(S*) generates the cohomology of the fibres of
S C P(FE), since the fibres of S are the universal subbundle of the projective space
P(E,). Hence, by the Leray-Hirsch theorem, H*(P(E)) = H*(M)®@R{1,z, ..., 2" 1}.
It follows that

H*(P(E)) = H*(M)[a] /(" + 1 (E)a"™ + - + en(B)).
More generally, if o : F(E) — M is a split manifold of E with 0*E = S;®---®S,_1 ®
Qk—1, then H*(F(E)) has as basis all the monomials z¢* ... z.* ', where z; = ¢1(S}),
0<a; <n-1,...,0 < a,_1 < 1. Moreover, the map o* : H*(M) — H*(F(F))
is injective, so it embeds H*(M). This is the first step towards the classification of
vector bundles.
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7. UNIVERSAL BUNDLES AND CONCLUSION

The projectivization of a vector bundle lead to the existence of a split manifold.
More generally, instead of considering 1-dimensional subspaces of E,,, we can consider
the collection of (K — m)-dimensional subspaces. At the vector space level, if V' has
dimension k, then G,,(V) is the collection of all subspaces of V' with codimension
m. This is called the Grassmanian of V. Similar to the projective space, one finds
the universal subbundle S whose fibres at each point is itself (a k — m linear space),
the product bundle G,, (V) x V and the quotient bundle @ = (G,,,(V) x V)/S. Any
split manifold can be obtained from a Grassmannian applying a similar procedure
to that of the split manifold. From this, any complex vector bundle 7 : £ — M
is the pullback of the universal quotient bundle Q over G(C%) through a smooth
map f : M — Gi(CY), for N sufficiently large. More surprisingly, there is a one-
to-one correspondence between Vecty(M) and [M,G(C*®)], where G;(C>) is the
union of all G(C") over n, and [M, G;(C>)] are the homotopy classes of maps M —
G(C*). Because of this, the Chern classes of a complex vector bundle are pullbacks
of cohomology classes in a universal quotient bundle over a Grassmannian. One can
find these treatments in the work in progress [Hatcher, K-theory|, which is a fantastic
resource on the topic. The reason why this different approach is of interest, is because
it doesn’t need require the smooth structure of the manifold, only the topological one.
Hence, this treatment can be generalized to general topological spaces.

There are other treatments on characteristic classes using more geometric objects
such as the connection and curvature of a vector bundle [11] or as obstruction as
they were originally defined in [12]. The topic of characteristic classes lead to a
rich collection of topics in geometry and usually prove useful in the classification of
manifolds. For example, the proof of an exciting result of Milnor in 1956, [13], on the
existence of 7-dimensional spheres which are homeomorphic but not diffeomorphic
to the standard sphere S” C R3 relied on the construction of a new invariant which
relied on Pontryagin classes (which are an analog to Chern classes for real vector
bundles). Similarly, Calabi’s conjecture, solved in [14], conjectures on the existence
of certain complex manifold whose Ricci form is a representative of the first Chern
class. Many other results, both solved and ongoing make use of characteristic classes
and makes future work in geometry an exciting enterprise.
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